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a b s t r a c t

This paper analyzes the asset pricing implications of commonly used portfolio manage-

ment contracts linking the compensation of fund managers to the excess return of the

managed portfolio over a benchmark portfolio. The contract parameters, the extent of

delegation, and equilibrium prices are all determined endogenously within the model

we consider. Symmetric (fulcrum) performance fees distort the allocation of managed

portfolios in a way that induces a significant and unambiguous positive effect on the

prices of the assets included in the benchmark and a negative effect on the Sharpe

ratios. Asymmetric performance fees have more complex effects on equilibrium prices

and Sharpe ratios, with the signs of these effects fluctuating stochastically over time in

response to variations in the funds’ excess performance.

& 2011 Elsevier B.V. All rights reserved.
All rights reserved.

ted with the title

ers’ Compensation

yle for very helpful

ussions with Andy

y, Rich Kihlstrom,

llon, Cornell, Duke,

, London School of

University, North-

niversity of British

lorado at Boulder,

h Carolina, Univer-

niversity of Utah,

ting and Finance in

Cuoco),
1. Introduction

In modern economies, a significant share of financial
wealth is delegated to professional portfolio managers rather
than managed directly by the owners, creating an agency
relationship. In the U.S., as of 2004, mutual funds managed
assets in excess of $8 trillion, hedge funds managed about
$1 trillion, and pension funds more than $12 trillion. In other
industrialized countries, the percentage of financial assets
managed through portfolio managers is even larger than in
the U.S. (see, e.g., Bank for International Settlements, 2003).

While the theoretical literature on optimal compensa-
tion of portfolio managers in dynamic settings points to
contracts that are likely to have very complicated path
dependencies,2 the industry practice seems to favor
2 A distinctive feature of the agency problem arising from portfolio

management is that the agent’s actions (the investment strategy and
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relatively simple compensation schemes that typically
include a component that depends linearly on the value
of the managed assets plus a component that is linearly or
non-linearly related to the excess performance of the
managed portfolio over a benchmark.

In 1970, the U.S. Congress amended the Investment
Advisers Act of 1940 so as to allow contracts with
registered investment companies to include perfor-
mance-based compensation, provided that this compen-
sation is of the ‘‘fulcrum’’ type, that is, provided that it
includes penalties for underperforming the chosen bench-
mark that are symmetric to the bonuses for exceeding it.
In 1985, the SEC approved the use of performance-based
fees in contracts in which the client has either at
least $500,000 under management or a net worth of at
least $1 million. Performance-based fees were also
approved by the Department of Labor in August 1986
for ERISA-governed pension funds. As of 2004, 50% of U.S.
corporate pension funds with assets above $5 billion, 35%
of all U.S. pension funds, and 9% of all U.S. mutual funds
used performance-based fees.3 Furthermore, Brown,
Harlow, and Starks (1996), Chevalier and Ellison (1997),
and Sirri and Tufano (1998) show that, even when
mutual fund managers do not receive explicit incentive
fees, an implicit non-linear performance-based compen-
sation still arises with periodic proportional fees as a
result of the fact that the net investment flow into mutual
funds varies in a convex fashion as a function of recent
performance.4

Given the size of the portfolio management industry,
studying the implications of this delegation and of the fee
structures commonly used in the industry on equilibrium
asset prices appears to be a critical task. The importance
of models addressing the implications of agency for asset
pricing was emphasized by Allen (2001): ‘‘In the standard
asset pricing paradigm it is assumed investors directly
invest their wealth in markets. While this was an appro-
priate assumption for the U.S. in the 1950 when indivi-
duals directly held over 90% of corporate equities, or even
in 1970 when the figure was 68%, it has become increas-
ingly less appropriate as time has progressed [y] For
actively managed funds, the people that make the
(footnote continued)

possibly the effort spent acquiring information about securities’ returns)

affect both the drift and the volatility of the relevant state variable (the

value of the managed portfolio), although realistically the drift and the

volatility cannot be chosen independently. This makes the problem

significantly more complex than the one considered in the classic paper

by Holstrom and Milgrom (1987) and its extensions. With a couple of

exceptions, as noted by Stracca (2006) in his recent survey of the

literature on delegated portfolio management, ‘‘the literature has

reached more negative rather than constructive results, and the search

for an optimal contract has proved to be inconclusive even in the most

simple settings.’’
3 The use is concentrated in larger funds: the percentages of assets

under management controlled by mutual funds charging performance

fees out of funds managing assets of $0.25–1 billion, $1–5 billion, $5–10

billion, and above $10 billion were 2.8%, 4.4%, 9.2%, and 14.2%, respec-

tively (data obtained from Greenwich Associates and the Investment

Company Institute).
4 Lynch and Musto (2003) and Berk and Green (2004) provide

models in which this convex relationship between flows and perfor-

mance arises endogenously.
ultimate investment decisions are not the owners. If the
people making the investment decisions obtain a high
reward when things go well and a limited penalty if they
go badly they will be willing to pay more than the
discounted cash flow for an asset. This is the type of
incentive scheme that many financial institutions give to
investment managers.’’

Existing theoretical research on delegated portfolio man-
agement has been primarily restricted to partial equilibrium
settings and has focused on two main areas. The first
examines the agency problem that arises between investors
and portfolio managers, studying how compensation con-
tracts should be structured: it includes Bhattacharya and
Pfleiderer (1985), Starks (1987), Kihlstrom (1988), Stoughton
(1993), Heinkel and Stoughton (1994), Admati and Pfleiderer
(1997), Das and Sundaram (2002), Palomino and Prat (2003),
Ou-Yang (2003), Larsen (2005), Liu (2005), Dybvig,
Farnsworth, and Carpenter (2006), Cadenillas, Cvitanić, and
Zapatero (2007), Cvitanić, Wan, and Zhang (2009), and Li
and Tiwari (2009). The second examines how commonly
observed incentive contracts impact managers’ decisions: it
includes Grinblatt and Titman (1989), Roll (1992), Carpenter
(2000), Chen and Pennacchi (2005), Hugonnier and Kaniel
(2010), and Basak, Pavlova, and Shapiro (2007).

We complement this literature by considering a dif-
ferent problem. As in the literature on optimal behavior of
portfolio managers, we take the parametric class of
contracts as exogenously given, motivated by commonly
observed fee structures. However, we carry the analysis
beyond partial equilibrium by studying how the behavior
of portfolio managers affects equilibrium prices when the
extent of portfolio delegation and the parameters of the
management contract are all determined endogenously.

A first step in studying the implications of delegated
portfolio management on asset returns was made by
Brennan (1993), who considered a static mean–variance
economy with two types of investors: individual investors
(assumed to be standard mean–variance optimizers) and
‘‘agency investors’’ (assumed to be concerned with the
mean and the variance of the difference between the
return on their portfolio and the return on a benchmark
portfolio). Equilibrium expected returns were shown to be
characterized by a two-factor model, with the two factors
being the market and the benchmark portfolio. Closely
related mean–variance models have appeared in Gómez
and Zapatero (2003) and Cornell and Roll (2005).5

To our knowledge, the only general equilibrium ana-
lyses of portfolio delegation in dynamic settings are in
two recent papers by Kapur and Timmermann (2005) and
Arora, Ju, and Ou-Yang (2006). Kapur and Timmermann
consider a restricted version of our model with mean–
variance preferences, normal returns, and fulcrum perfor-
mance fees, while Arora, Ju, and Ou-Yang assume CARA
utilities and normal dividends and do not endogenize the
extent of portfolio delegation: as a result of these assump-
tions, fulcrum performance fees are optimal in their
5 Brennan (1993) found mixed empirical support for the two-factor

model over the period 1931–1991, while Gómez and Zapatero (2003)

found stronger support over the period 1983–1997.
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model.6 More importantly, both papers consider settings
with a single risky asset. A key shortcoming of models
with a single risky asset (or of static models) is that they
are unable to capture the shifting risk incentives of
portfolio managers receiving implicit or explicit perfor-
mance fees (and hence the impact of these incentives on
portfolio choices and equilibrium prices), as extensively
described in both the theoretical and empirical literature.7

In contrast to the papers mentioned above, we study
the asset pricing implications of delegated portfolio man-
agement in the context of a dynamic (continuous-time)
model with multiple risky assets and endogenous portfo-
lio delegation. Specifically, we consider an economy with
a continuum of three types of agents: ‘‘active investors,’’
‘‘fund investors,’’ and ‘‘fund managers.’’ Active investors,
who trade on their own account, choose a dynamic
trading strategy so as to maximize the expected utility
of the terminal value of their portfolio. Fund investors,
who implicitly face higher trading or information costs,
invest in equities only through mutual funds: therefore,
their investment choices are limited to how much to
delegate to fund managers, with the rest of their portfolio
being invested in riskless assets. Fund managers, who are
assumed not to have any private wealth, select a dynamic
trading strategy so as to maximize the expected utility of
their compensation.

The compensation contracts we consider are restricted
to a parametric structure that replicates the contracts
typically observed in practice, consisting of a combination
of the following components: a flat fee, a proportional fee
depending on the total value of the assets under manage-
ment, and a performance fee depending in a piecewise-
linear manner on the differential between the return of
the managed portfolio and that of a benchmark portfolio.8

Departing from the traditional formulation of princi-
pal-agent problems, we assume that individual fund
investors are unable to make ‘‘take it or leave it’’ contract
offers to fund managers and thus to extract the entire
surplus from the agency relation: instead, we assume that
the market for fund investors is competitive, so that
individual investors take the fee structure as given when
deciding what fraction of their wealth to delegate.9

Similarly, we assume competition on the market for
portfolio managers. We analyze in detail the impact on
equilibrium price dynamics of commonly observed
6 In the model of Kapur and Timmermann (2005), performance fees

do not dominate fees depending only on the terminal value of the assets

under management.
7 Clearly, in the presence of performance fees, tracking error

volatility directly affects the reward of portfolio managers and this

volatility can be dynamically controlled by varying the composition of

the managed portfolio.
8 While our framework allows for both ‘‘fulcrum’’ and ‘‘asymmetric’’

performance fees, it does not allow for ‘‘high water mark’’ fees (occa-

sionally used by hedge funds and discussed by Goetzmann, Ingersoll,

and Ross, 2003) in which the benchmark equals the lagged maximum

value of the managed portfolio.
9 As noted by Das and Sundaram (2002), the existence of regulation,

such as the Investment Advisors Act of 1940, meant to protect fund

investors through restrictions on the allowable compensation contracts

can be viewed as tacit recognition that these investors do not dictate the

form of the compensation contracts.
contracts, with commonly observed contract parameters.
However, we also allow contract parameters to be selected
in our model so that they are constrained Pareto efficient,
i.e., so that there is no other contract within our parametric
class that provides both fund investors and fund managers
with higher welfares.

As shown in Section 6, even when fund investors and
fund managers have identical preferences, the principle of
preference similarity (Ross, 1973) does not apply in our
setting and asymmetric performance contracts Pareto-
dominate purely proportional contracts (as well as ful-
crum performance contracts): intuitively, convex perfor-
mance fees are a way to incentivize fund managers to
select portfolio strategies having higher overall stock
allocations, benefiting fund investors who have direct
access to riskless investment opportunities. Because of
this incentive role of performance fees, the optimal benc-
hmark typically differs from the market portfolio.10

Portfolio delegation can have a substantial impact on
equilibrium prices. With fulcrum fees, the presence of a
penalty for underperforming the benchmark portfolio
leads risk-averse fund managers to be overinvested in
the stocks included in the benchmark portfolio and
underinvested in the stocks excluded from this portfolio.
The bias of managed portfolios in favor of the stocks
included in the benchmark portfolio results in the equili-
brium expected returns and Sharpe ratios of these stocks
being lower than those of comparable stocks not in the
benchmark and in their price/dividend ratios being
higher. At the same time, stocks in the benchmark port-
folio tend to have higher equilibrium volatilities than
those of comparable stocks not in the benchmark: this is
due to the fact that, as the price of benchmark stocks
starts to rise, the tilt of managed portfolios toward these
stocks increases, lowering their equilibrium price/
dividend ratios and hence moderating the price increase.
Therefore, consistent with empirical evidence, our model
implies that, if fund managers are mostly compensated
with fulcrum fees, a change in the composition of widely
used benchmark portfolios (such as the S&P 500 portfolio)
should be accompanied by a permanent increase in the
prices and volatilities of the stocks being added to the
index and a corresponding permanent decrease in the
prices and volatilities of the stocks being dropped from
the index. With asymmetric performance fees, the signs of
these changes become ambiguous, depending on the
current average excess performance of managed portfo-
lios relative to the benchmark.

The remainder of the paper is organized as follows. The
economic setup is described in Section 2. Section 3
provides a characterization of the optimal investment
strategies. Section 4 focuses on the characterization
of equilibria. Section 5 provides a detailed calibrated
numerical analysis of equilibrium under asymmetric
and fulcrum performance fees. Section 6 discusses the
10 This is in contrast to the existing mean–variance equilibrium

models of portfolio delegation, in which the optimal benchmark is the

market portfolio and performance fees are dominated by linear

contracts.



12 Because fund investors in our model do not trade dynamically

and are not assumed to know the return distribution of the individual

assets (only knowledge of the return distribution of the fund they invest

in being assumed), their behavior could be rationalized with a combina-

tion of trading and information costs. Of course, in reality there is a wide

range of investors with different trading and information costs: the

assumption that investors are either ‘‘active,’’ with full information and

costless access to stock trading, or ‘‘passive,’’ requiring the intermedia-

tion of mutual funds to obtain exposure to risky assets, is clearly a

simplifying one and is made for tractability.
13 Letting the benchmark be the terminal value of a dynamic (not

necessarily buy-and-hold) trading strategy allows for the possibility of

changes in the composition of the benchmark portfolio. The process

governing the dynamics of yb is known to market participants.
14 We do not necessarily require that bþg2 o1, i.e., that
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optimality of performance contracts in our model. Section
7 concludes. The Appendix contains all the proofs.

2. The economy

We consider a continuous-time economy on the finite
time span [0,T], modeled as follows.

Securities: The investment opportunities are repre-
sented by a riskless bond and two risky stocks (or stock
portfolios). The bond is a claim to a riskless payoff B40.
The interest rate is normalized to zero (i.e., the bond price
is normalized to B).

Stock j (j¼1,2) is a claim to an exogenous liquidation
dividend Dj

T at time T, where

Dj
t ¼Dj

0þ

Z t

0
mj

DðD
j
s,sÞ dsþ

Z t

0
sj

DðD
j
s,sÞ dwj

s, ð1Þ

for some functions mj
D, sj

D satisfying appropriate Lipschitz
and growth conditions and two Brownian motions wj

with instantaneous correlation coefficient r 2 ð�1,1Þ.
Since dividends are paid only at the terminal date T,
without loss of generality we take mj

D � 0, so that Dj
t can be

interpreted as the conditional expectation at time t of
stock j’s liquidation dividend.

We let DT¼(B,D1
T,D2

T) denote the vector of terminal
asset payoffs and denote by St¼(B,S1

t ,S2
t ) the vector of

asset prices at time t. The aggregate supply of each asset is
normalized to one share and we denote by y ¼ ð1,1,1Þ the
aggregate supply vector.

Security trading takes place continuously. A dynamic
trading strategy is a three-dimensional process y, specify-
ing the number of shares held of each of the traded
securities, such that the corresponding wealth process
W ¼ y � S satisfies the dynamic budget constraint

Wt ¼W0þ

Z t

0
ys � dSs ð2Þ

and Wt Z0 for all t 2 ½0,T�. We denote by Y the set of
dynamic trading strategies.11

Agents: The economy is populated by three types of
agents: active investors, fund investors, and fund man-
agers. We assume that there is a continuum of agents of
each type and denote by l 2 ð0,1Þ the mass of fund
investors in the economy and by 1�l the mass of active
investors. Without loss of generality, we assume that the
mass of fund managers also equals l: this is merely a
normalization, since the aggregate wealth managed by
fund managers is determined endogenously by the port-
folio choices of fund investors, as described later in this
section.

Active investors receive an endowment of one share of
each traded asset at time 0, so that their initial wealth
equals Wa

0 ¼ y � S0. They choose a dynamic trading strat-
egy ya

2 Y so as to maximize the expected utility

E½uaðWa
T Þ�

of the terminal value of their portfolio Wa
T ¼ ya

T � ST , taking
equilibrium prices as given.
11 Implicit in the definition of Y is the requirement that the

stochastic integral in Eq. (2) is well defined.
Fund investors also receive an endowment of one
share of each asset, so that their initial wealth is
Wf

0 ¼Wa
0 ¼ y � S0. However, because of higher trading or

information costs (which we do not model explicitly),
they do not hold stocks directly and instead delegate the
choice of a dynamic trading strategy to fund managers: at
time 0 they simply choose to invest an amount yf

0BrWf
0

in the riskless asset and invest the rest of their wealth in
mutual funds.12

Fund managers receive an initial endowment
Wm

0 ¼Wf
0�y

f
0B from fund investors, which they then

manage on the fund investors’ behalf by selecting a
dynamic trading strategy ym

2 Y. For this, they are
compensated at time T with a management fee FT which
is a function of the terminal value of the fund portfolio,
Wm

T ¼ ym
T � ST , and of the terminal value of a given bench-

mark portfolio Wb
T ¼ yb

T � ST , where yb
2 Y.13 Specifically,

we assume that

FT ¼ FðWm
T ,Wb

T Þ

¼ aþbWm
T �g1Wm

0

Wm
T

Wm
0

�
Wb

T

Wb
0

 !�
þg2Wm

0

Wm
T

Wm
0

�
Wb

T

Wb
0

 !þ

¼ aþbWm
T �g1ðW

m
T �dWb

T Þ
�
þg2ðW

m
T �dWb

T Þ
þ , ð3Þ

where a, b, g1, and g2 are given parameters, d¼Wm
0 =Wb

0

and xþ ¼maxð0,xÞ (respectively, x� ¼maxð0,�xÞ) denotes
the positive part (respectively, the negative part) of the
real number x.

Thus, the fund managers’ compensation at time T

can consist of four components: a load fee a which is
independent of the managers’ performance, a propor-
tional fee bWm

T which depends on the terminal value of
the fund portfolio, a performance bonus g2ðW

m
T �dWb

T Þ
þ

which depends on the performance of the managed
portfolio relative to that of the benchmark portfolio, and
an underperformance penalty g1ðW

m
T �dWb

T Þ
�. We assume

that aZ0, bZ0, g2Zg1Z0, and bþg240, so that the
fund managers’ compensation F is an increasing and
convex function of the terminal value of the fund portfolio
and a decreasing function of the terminal value of the
benchmark portfolio.14 In addition, we assume that
aþb40, so that the fund managers always have at least
ð@=@WmÞFðWm ,WbÞo1. In order to guarantee the existence of an equili-

brium, we will however later impose a condition that implies that the

optimal terminal wealth of fund investors is increasing in aggregate

wealth (see Eq. (23)).
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one feasible investment strategy (buying the benchmark
portfolio) that yields a strictly positive fee.

When g1 ¼ g2, the performance-related component of
the managers’ compensation is linear in the excess return
of the fund over the benchmark. These types of fees are
known as fulcrum performance fees. As noted in the
Introduction, the 1970 Amendment of the Investment
Advisers Act of 1940 restricts mutual funds’ performance
fees to be of the fulcrum type. Hedge funds’ performance
fees are not subject to the same restriction, and for these
funds asymmetric performance fees with g1 ¼ 0 and g240
are the norm.

Fund managers are assumed not to have any private
wealth. They therefore act so as to maximize the expected
utility

E½umðFðWm
T ,Wb

T ÞÞ�

of their management fees, while taking equilibrium prices
and the investment choices of fund investors as given.
Similarly, fund investors select the amount of portfolio
delegation Wf

0�y
f
0B so as to maximize the expected utility

of their terminal wealth, while taking the equilibrium net-
of-fees rate of return on mutual funds

RT ¼
Wm

T �FðWm
T ,Wb

T Þ

Wm
0

, ð4Þ

as given, subject to the constraint Wf
0�y

f
0BZ0.

We assume throughout that

uaðWÞ ¼ umðWÞ ¼ uf ðWÞ ¼ uðWÞ ¼
W1�c

1�c

for some c40, ca1.15

Equilibrium: An equilibrium for the above economy is a
price process S for the traded assets and a set fya,ym,yf

0g 2

Y�Y�R of trading strategies such that:
1.
low

util

to e

equ

rep
the strategy ya is optimal for the active investors given
the equilibrium stock prices;
2.
 the strategy ym is optimal for the fund managers given
the equilibrium stock prices and the fund investors’
choice of yf

0;

3.
 the choice yf

0 is optimal for the fund investors given
the equilibrium stock prices and the equilibrium net-
of-fees funds’ return;
4.
 the security markets clear:

ð1�lÞya
t þly

m
t þlðy

f
0,0,0Þ ¼ y for all t 2 ½0,T�: ð5Þ
3. Optimal investment strategies

Since active investors and fund managers face a
dynamically complete market, we use the martingale
15 If g1 40, the fee specified in Eq. (3) can be negative for sufficiently

values of W. However, given our assumption of infinite marginal

ity at zero wealth, the fund managers will always optimally act so as

nsure the collection of a strictly positive fee. Thus, exactly the same

ilibrium would be obtained if the fee schedule specified above were

laced with the non-negative fee schedule F 0ðW ,SÞ ¼ FðW ,SÞþ .
approach of Cox and Huang (1989) to characterize their
optimal investment strategies.

3.1. Active investors

Given the equilibrium state-price density pT at time T,
the optimal investment problem for the active investors
amounts to the choice of a non-negative random variable
Wa

T (representing the terminal value of their portfolios)
solving the static problem

max
WT Z0

E½uðWT Þ�

s:t: E½pT WT �rWa
0 :

This implies

Wa
T ¼ gaðcapT Þ, ð6Þ

where gaðyÞ ¼ y�1=c denotes the inverse marginal utility
function and ca is a Lagrangian multiplier solving

E½pT gaðcapT Þ� ¼Wa
0 ¼ y � S0: ð7Þ

3.2. Fund managers

Given the equilibrium state-price density pT and the
allocation to mutual funds by fund investors Wm

0 ¼

y � S0�y
f
0B, the optimal investment problem for the fund

managers amounts to the choice of a non-negative ran-
dom variable Wm

T (representing the terminal value of the
funds’ portfolios) solving the static problem

max
WT Z0

E½uðFðWT ,Wb
T ÞÞ�

s:t: E½pT WT �rWm
0 : ð8Þ

The added complexity in this case arises from the fact
that, unless g1 ¼ g2, the fund managers’ indirect utility
function over the terminal portfolio value, u(F(W,Wb)) is
neither concave nor differentiable in its first argument
at the point W ¼ dWb (the critical value at which
the performance of the fund’s portfolio equals that of
the benchmark): see Fig. 1. This is a consequence of the
convexity and lack of differentiability of the fee function
F(W,Wb). Therefore, the optimal choice Wm

T is not neces-
sarily unique and it does not necessarily satisfy the usual
first-order condition. Moreover, the non-negativity con-
straint can be binding in this case (if a40).

On the other hand, the fact that managers have infinite
marginal utility at zero wealth implies that the optimal
investment strategy must guarantee that a strictly positive
fee is collected at time T, i.e., that Wm

T 4W ðWb
T Þ, where

W ðWbÞ ¼ inffWZ0 : FðW ,WbÞZ0g

¼

g1dWb�a
bþg1

� �þ
if bþg1a0,

0 otherwise:

8><
>: ð9Þ

Since for any Wb40 the function uðFð�,WbÞÞ is piecewise
concave and piecewise continuously differentiable on the
interval ½W ðWbÞ,1Þ, we can follow Shapley and Shubik
(1966), Aumann and Perles (1965), and Carpenter (2000)
in constructing the concavification vð�,WbÞ of uðFð�,WbÞÞ

(that is, the smallest concave function v satisfying
vðW ,WbÞZuðFðW ,WbÞÞ for all WZW ðWbÞ) and then
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bþg1 40 and W1 40.
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verifying that the solutions of the non-concave problem (8)
can be derived from those of the concave problem

max
WT Z0

E½vðWT ,Wb
T Þ�

s:t: E½pT WT �rWm
0 : ð10Þ

Lemmas 1 and 2 below provide a characterization of the
concavifying function v while Proposition 1 and Theorem 1
identify the fund managers’ optimal investment policies.

Lemma 1. Suppose that g1ag2 and Wb40. Then there

exist unique numbers W1(Wb) and W2(Wb) with

W ðWbÞrW1ðW
bÞodWboW2ðW

bÞ
such that

uðFðW1ðW
bÞ,WbÞÞ ¼ uðFðW2ðW

bÞ,WbÞÞ

þu0ðFðW2ðW
bÞ,WbÞÞðbþg2ÞðW1ðW

bÞ

�W2ðW
bÞÞ ð11Þ

and

u0ðFðW1ðW
bÞ,WbÞÞðbþg1Þru0ðFðW2ðW

bÞ,WbÞÞðbþg2Þ,

ð12Þ

with equality if W1ðW
bÞ40. In particular, letting Z¼ ððbþg2Þ=

ðbþg1ÞÞ
1�1=c ,

W1ðW
bÞ ¼

1�
Z
c

� �a�g1dWb

bþg1

�Z 1�
1

c

� �
a�g2dWb

bþg2

Z�1

0
BBB@

1
CCCA
þ

ð13Þ

if bþg1a0, and W1(Wb)¼0 otherwise. Moreover,

W2ðW
bÞ ¼W1ðW

bÞþ
1

c

a�g1dWb

bþg1

�
a�g2dWb

bþg2

� �

if W1ðW
bÞ40.

Lemma 2. Let W1(Wb) and W2(Wb) be as in Lemma1 if

g1ag2 and let W1ðW
bÞ ¼W2ðW

bÞ ¼ dWb otherwise. Also, let

AðWbÞ ¼ ½W ðWbÞ,W1ðW
bÞ� [ ½W2ðW

bÞ,1Þ:

Then the function

vðW ,WbÞ ¼

uðFðW ,WbÞÞ if Wm 2 AðWbÞ,

uðFðW1ðW
bÞ,WbÞÞ

þu0ðFðW2ðW
bÞ,WbÞÞðbþg2Þ

� ðW�W1ðW
bÞÞ otherwise

8>>>><
>>>>:

is the smallest concave function on ½W ðWbÞ,1Þ satisfying

vðW ,WbÞZuðFðW ,WbÞÞ 8W 2 ½W ,1Þ:

Moreover, v(W,Wb) is continuously differentiable in W.

The construction of the concavification v(W,Wb) of
u(F(W,Wb)) is illustrated in Fig. 1. Since u(F(W,Wb)) is not
concave at W ¼ dWb when g1ag2, the idea is to replace
u(F(W,Wb)) with a linear function over an interval
(W1(Wb),W2(Wb)) bracketing dWb (a linear function is the
smallest concave function between two points). The two
points W1(Wb) and W2(Wb) are uniquely determined by the
requirement that the resulting concavified function v(W,Wb)
be continuously differentiable and coincide with u(F(W,Wb))
at the endpoints of the interval. When bþg1 ¼ 0, this
requirement necessarily implies W1(Wb)¼0 (as shown in
Panel (a) of Fig. 1): this is the case studied by Carpenter
(2000). On the other hand, when bþg140, both the case
W1(Wb)¼0 and the case W1ðW

bÞ40 are possible (as illu-
strated in Panels (b) and (c) of Fig. 1), depending on the sign
of the expression in Eq. (13).

Letting

v�1
W ðy,WbÞ ¼ fW 2 ½W ðWbÞ,1Þ : vW ðW ,WbÞ ¼ yg

be the inverse marginal utility correspondence of the
concavified utility v, we then obtain the following char-
acterization of the fund managers’ optimal investment
policies.



16 Since the fund managers’ indirect utility functions are non-

convex, our assumption of a continuum of mutual funds is critical to

ensure the convexity of the aggregate preferred sets and hence the

existence of an equilibrium. Aumann (1966) was the first to prove that,

with a continuum of agents, the existence of an equilibrium could be

assured even without the usual assumption of convex preferences.
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Proposition 1. A policy Wm
T is optimal for the fund man-

agers if and only if: (i) it satisfies the budget constraint in

Eq. (8) as an equality and (ii) there exists a Lagrangian

multiplier cm40 such that

Wm
T 2 v�1

W ðc
mpT ,Wb

T Þ \ AðWb
T Þ if Wm

T 40 ð14Þ

and

vW ðW
m
T ,Wb

T ÞrcmpT if Wm
T ¼ 0:

To understand the characterization of optimal policies
in Proposition 1, consider first the concavified problem in
Eq. (10). The standard Kuhn-Tucker conditions for this
problem are the same as the conditions of Proposition 1,
but with Eq. (14) replaced by

Wm
T 2 v�1

W ðc
mpT ,Wb

T Þ if Wm
T 40: ð15Þ

It follows immediately from Lemma 2 that vW(W,Wb) is
strictly decreasing for W 2 AðWbÞ and constant and equal to

vW ðW2ðW
bÞ,WbÞ ¼ u0ðFðW2ðW

bÞ,WbÞÞðbþg2Þ

for W 2 ðW1ðW
bÞ,W2ðW

bÞÞ. Thus, the sets vW
�1

(y,Wb) are
singletons unless

y¼ vW ðW2ðW
bÞ,WbÞ,

in which case vW
�1

(y,Wb)¼[W1(Wb),W2(Wb)]. Eq. (15) then
implies that optimal policies for the concavified problem (10)
are uniquely defined for values of the normalized state-price
density cmpT different from vW(W2(Wb

T),Wb
T), but not for

cmpT ¼ vW ðW2ðW
b
T Þ,W

b
T Þ: at this critical value of the normal-

ized state-price density, any wealth level between W1(Wb
T)

and W2(Wb
T) can be chosen as part of an optimal policy

(subject of course to an appropriate adjustment of the
Lagrangian multiplier cm), reflecting the fact that vð�,Wb

T Þ is
linear over this range.

Consider now policies satisfying the stronger condition
in Eq. (14). It can be easily verified from the definitions
that

v�1
W ðy,WbÞ \ A¼ v�1

W ðy,WbÞ for yavW ðW2ðW
bÞ,WbÞ

and

v�1
W ðy,WbÞ \ A¼ fW1ðW

bÞ,W2ðW
bÞg for y¼ vW ðW2ðW

bÞ,WbÞ:

Thus, the policies satisfying the conditions of Proposition
1 are a subset of the policies that are optimal for the
concavified problem in Eq. (10): when the normalized
state-price density cmpT equals vW(W2(Wb

T),Wb
T), they

are restricted to take either the value W1(Wb
T) or the value

W2(Wb
T), rather than any value in the interval [W1(Wb

T),
W2(Wb

T)]. It is easy to see why any such policy Wm
T must be

optimal in the original problem in Eq. (8): since Wm
T is

optimal for the concavified problem in Eq. (10) and takes
values in A(Wb

T), it follows that

E½uðFðWT ,Wb
T ÞÞ�rE½vðWT ,Wb

T Þ�rE½vðWm
T ,Wb

T Þ� ¼ E½uðFðWm
T ,Wb

T ÞÞ�

for any feasible policy WT, where the first inequality
follows from the fact that

uðFðWT ,Wb
T ÞÞrvðWT ,Wb

T Þ,
the second inequality follows from the fact that Wm
T is

optimal for the problem in Eq. (10), and the last equality
follows from the fact that u(F(W,Wb

T))¼v(W,Wb
T) for

W 2 AðWb
T Þ.

Since managers are indifferent between selecting
W1(Wb

T) or W2(Wb
T) as the terminal value of the fund’s

portfolio when the scaled state-price density equals
vW(W2(Wb

T),Wb
T), we allow them to independently rando-

mize between W1(Wb
T) and W2(Wb

T) in this case: in other
words, we allow, for this particular value of the scaled state-
price density, the optimal policy to be a lottery that selects
W1(Wb

T) with some probability p 2 ½0,1� and W2(Wb
T) with

probability (1�p), and denote such a lottery by

p3W1ðW
b
T Þþð1�pÞ3W2ðW

b
T Þ:

Of course, p can depend on the information available to the
agents at time T, i.e., be a random variable. Using the
expression for v in Lemma 2 and Proposition 1, we then
obtain the following result.

Theorem 1. Let PT be a random variable taking values in

[0,1] and let

gmðy,Wb,pÞ

¼

y�1=c

ðbþg2Þ
1�1=c

�
a�g2dWb

bþg2

4W2ðW
bÞ if yovW ðW2ðW

bÞ,WbÞ,

p3W1ðW
bÞþð1�pÞ3W2ðW

bÞ if y¼ vW ðW2ðW
bÞ,WbÞ,

y�1=c

ðbþg1Þ
1�1=c

�
a�g1dWb

bþg1

 !þ
oW1ðW

bÞ if y4vW ðW2ðW
bÞ,WbÞ

and bþg1a0,

0 otherwise:

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð16Þ

Then the policy

Wm
T ¼ gmðcmpT ,Wb

T ,PT Þ, ð17Þ

where cm is a Lagrangian multiplier solving

E½pT gmðcmpT ,Wb
T ,PT Þ� ¼Wm

0 ¼ y � S0�y
f
0B

is optimal for the fund managers.

Given the existence of a continuum of mutual funds,16

the aggregate terminal value of the funds’ portfolios
equals

lgm
ðcmpT ,Wb

T ,PT Þ,

where

gm
ðcmpT ,Wb

T ,PT Þ

¼
gmðcmpT ,Wb

T ,PT Þ if yavW ðW2ðW
b
T Þ,W

b
T Þ,

PTW1ðW
b
T Þþð1�PT ÞW2ðW

b
T Þ otherwise:

(
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As it will become clear in the next section, this in turn
implies that the randomizing probabilities P are uniquely
determined in equilibrium by market clearing.
3.3. Fund investors

Fund investors select the allocation yf
0 to bonds so as to

maximize the expected utility of their terminal wealth, while
taking the equilibrium net-of-fees rate of return on mutual
funds RT (defined in Eq. (4)) as given. That is, they solve

max
y02R

E½uf ðy0BþðWf
0�y0BÞRT Þ�

s:t: y0BrWf
0:

Since this is a strictly concave static maximization problem,
the optimal choice yf

0 satisfies the standard Kuhn-Tucker
conditions

E½ðyf
0BþðWf

0�y
f
0BÞRT Þ

�c
ð1�RT Þ��c

f
¼ 0,

cf
ðWf

0�y
f
0BÞ ¼ 0 ð18Þ

for some Lagrangian multiplier cf
Z0.
4. Equilibrium: characterization

In equilibrium the terminal stock prices equal the
liquidation dividends, i.e., ST¼DT. Multiplying the mar-
ket-clearing condition (5) at time T by DT and using
Eqs. (6) and (17), it then follows that the equilibrium
state-price density pT must solve

ð1�lÞgaðcapT Þþlgm
ðcmpT ,Wb

T ,PT Þþly
f
0B¼ y � DT : ð19Þ

This shows that the equilibrium state-price density pT

and the randomizing probabilities PT must be determinis-
tic functions of DT and Wb

T. Letting

PðDT ,Wb
T Þ ¼cmpT

and

j¼ ðca=cm
Þ
�1=c ,

substituting in (19), recalling the definitions of ga and gm,
and rearranging gives

y � DT�ly
f
0B�ð1�lÞfPðDT ,Wb

T Þ
�1=c

¼

l
PðDT ,Wb

T Þ
�1=c

ðbþg2Þ
1�1=c

�
a�g2dWb

T

bþg2

 !
if PðDT ,Wb

T ÞovW ðW2ðW
b
T Þ,W

b
T Þ,

lðPT W1ðW
b
T Þþð1�PT ÞW2ðW

b
T ÞÞ if PðDT ,Wb

T Þ ¼ vW ðW2ðW
b
T Þ,W

b
T Þ,

l
PðDT ,Wb

T Þ
�1=c

ðbþg1Þ
1�1=c

�
a�g1dWb

T

bþg1

 !þ
if PðDT ,Wb

T Þ4vW ðW2ðW
b
T Þ,W

b
T Þ

and bþg1a0,

0 otherwise:

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

ð20Þ

Solving the above equation shows that the scaled state-
price density PðDT ,Wb

T Þ can take one of four different
functional forms (corresponding to the four different
cases on the right-hand side of Eq. (20)),

P1ðDT ,Wb
T Þ ¼

ðbþg2Þðy � DT�ly
f
0BÞþlða�g2dWb

T Þ

lðbþg2Þ
1=c
þð1�lÞjðbþg2Þ

 !�c

,

P2ðDT ,Wb
T Þ ¼ vW ðW2ðW

b
T Þ,W

b
T Þ ¼ FðW2ðW

b
T Þ,W

b
T Þ
�c
ðbþg2Þ,

P3ðDT ,Wb
T Þ ¼

ðbþg1Þðy � DT�ly
f
0BÞþlða�g1dWb

T Þ

lðbþg1Þ
1=c
þð1�lÞjðbþg1Þ

 !�c

,

P4ðDT ,Wb
T Þ ¼

y � DT�ly
f
0B

ð1�lÞj

 !�c

:

It then follows from the inequality conditions in Eq. (20)
and the fact that Eq. (16) implies

gmðP1ðDT ,Wb
T Þ,W

b
T ,PT Þ4W2ðW

b
T Þ,

W1ðW
b
T ÞrgmðP2ðDT ,Wb

T Þ,W
b
T ,PT ÞrW2ðW

b
T Þ,

0ogmðP3ðDT ,Wb
T Þ,W

b
T ,PT ÞoW1ðW

b
T Þ

that the scaled equilibrium state-price density is given by

PðDT ,Wb
T Þ

¼

P1ðDT ,Wb
T Þ if P1ðDT ,Wb

T ÞoP2ðDT ,Wb
T Þ,

max½P2ðDT ,Wb
T Þ, if P1ðDT ,Wb

T ÞZP2ðDT ,Wb
T Þ,

P3ðDT ,Wb
T Þ,P4ðDT ,Wb

T Þ� W1ðW
bÞ40 and bþg1a0,

max½P2ðDT ,Wb
T Þ,P4ðDT ,Wb

T Þ� otherwise:

8>>>>><
>>>>>:

ð21Þ

In addition, the equality in Eq. (20) corresponding to the
case

PðDT ,Wb
T Þ ¼ vW ðW2ðW

b
T Þ,W

b
T Þ ¼P2ðDT ,Wb

T Þ

can be solved for the market-clearing randomizing prob-
abilities PT, yielding

PT ¼ PðDT ,Wb
T Þ

¼
lW2ðW

b
T Þ�y � DTþly

f
0Bþð1�lÞjP2ðDT ,Wb

T Þ
�1=c

lðW2ðWb
T Þ�W1ðWb

T ÞÞ
:

ð22Þ

Eq. (21) provides an explicit expression for the scaled
state-price density PðDT ,Wb

T Þ in terms of three yet-unde-
termined constants, d, yf

0, and j. In turn, d¼Wm
0 =Wb

0 is a
known function of yf

0 and the initial stock prices S1
0 and S2

0.
It follows from the shape of the state-price density that

the optimal consumption policies are piecewise-linear
functions of the liquidation dividends. In order to guar-
antee the existence of an equilibrium, we require that the
coefficients of these functions be positive, i.e., that
increases in aggregate consumption be shared among
the agents. Assuming that y

b
Z0 (i.e., that the benchmark

portfolio does not include short positions), this amounts
to the following parameter restriction:

ðbþg2Þy
j
�lg2dy

bj
40 for j¼ 1,2, ð23Þ

where y
j

(respectively, y
bj

) denotes the number of shares
of stock j in the market (respectively, in the benchmark)
portfolio.



17 Clearly, this buy-and-hold result is due to the fact that fund

managers and active investors are assumed to have the same utility

function.
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The following theorem completes the characterization
of equilibria by providing necessary and sufficient condi-
tions for existence, together with an explicit procedure to
determine the unknown constants yf

0, j, S1
0, and S2

0.

Theorem 2. Assume that the condition (23) is satisfied.

Then an equilibrium exists if and only if there exist constants

ðyf
0,cf ,j,S1

0 ,S2
0Þ with yf

0rðBþS1
0þS2

0Þ=B and cf
Z0 solving

the system of equations

E½ðyf
0BþðBþS1

0þS2
0�y

f
0BÞRT Þ

�c
ð1�RT Þ��c

f
¼ 0,

cf
ðBþS1

0þS2
0�y

f
0BÞ ¼ 0,

E½PðDT ,Wb
T ÞðjPðDT ,Wb

T Þ
�1=c
�y � DT Þ� ¼ 0,

E½PðDT ,Wb
T ÞðD

1
T�S1

0Þ� ¼ 0,

E½PðDT ,Wb
T ÞðD

2
T�S2

0Þ� ¼ 0,

8>>>>>>>><
>>>>>>>>:

ð24Þ

where

RT ¼ RðDT ,Wb
T Þ

¼
gmðPðDT ,Wb

T Þ,W
b
T ,PðDT ,Wb

T ÞÞ�Fðgm
P ðPðDT ,Wb

T Þ,W
b
T ,PðDT ,Wb

T ÞÞ,W
b
T Þ

BþS1
0þS2

0�y
f
0B

is the equilibrium net return on mutual funds defined in (4)
and gm

P , P, and P are the functions defined in (16), (21), and

(22), respectively.

Given a solution ðyf
0,cf ,j,S1

0,S2
0Þ, the equilibrium state-

price density is given by

pt ¼ Et½PðDT ,Wb
T Þ�=c

m,

the equilibrium stock price processes are given by

Sj
t ¼ Et½pT Dj

T �=pt ðj¼ 1,2Þ, ð25Þ

the optimal investment policy for the fund investors is given

by yf
0 and the optimal wealth processes for the active

investors and fund managers are given by

Wa
t ¼ Et½pT gaðcapT Þ�=pt ð26Þ

and

Wm
t ¼ Et½pT gmðPðDT ,Wb

T Þ,W
b
T ,PðDT ,Wb

T ÞÞ�=pt , ð27Þ

respectively, where ca
¼cmj�c and cm

¼ E½PðDT ,Wb
T Þ�.

The five equations in (24) can be easily identified,
respectively, with the first-order conditions for the fund
investors in Eq. (18), the budget constraint for the active
investors in Eq. (7), and the two Euler equations that
define the initial stock prices.

The next corollary provides an explicit solution for the
equilibrium trading strategies in the case in which the
performance fees are of the fulcrum type (g2 ¼ g1) and
there are no load fees.

Corollary 1. If g1 ¼ g2 and Fð0,WbÞr0 for all Wb
Z0, then

in equilibrium the fund managers’ portfolio consists of a

combination of a long buy-and-hold position in the market

portfolio, a long buy-and-hold position in the benchmark

portfolio, and a short buy-and-hold position in the riskless
asset:

ym
t ¼

ðbþg2Þ
1=cyþjð1�lÞg2dy

b

t� lðbþg2Þ
1=cyf

0þjð1�lÞ
a
B

� �
y

1

lðbþg2Þ
1=c
þjð1�lÞðbþg2Þ

ð28Þ

for all t 2 ½0,T�, where y
1
¼ ð1,0,0Þ. Similarly, the active

investors’ portfolio consists of a long buy-and-hold position

in the market portfolio, a short buy-and-hold position in the

benchmark portfolio, and a buy-and-hold position in the

riskless asset (which can be either long or short):

ya
t ¼j

ðbþg2Þy�lg2dy
b

t�l ðbþg2Þy
f
0�

a
B

� �
y

1

lðbþg2Þ
1=c
þjð1�lÞðbþg2Þ

: ð29Þ

In addition, if g1a0 and D1
T and D2

T are identically distributed

conditional on the information at time t, then S1
t 4S2

t

(respectively, S1
t oS2

t ) if the benchmark portfolio is certain

to hold more (respectively, less) shares of stock 1 than of

stock 2 at time T.

The above corollary shows that, if performance fees are
of the fulcrum type and there are no load fees (or, more
generally, if arg1dWb

T ), then in equilibrium the fund
managers hold more (respectively, fewer) shares of
stock 1 than of stock 2 at time t if and only if they are
benchmarked to a portfolio holding more (respectively,
fewer) shares of stock 1 than of stock 2 at time t. This tilt
in the fund portfolios toward the stock more heavily
weighted in the benchmark portfolio results in the equili-
brium price of this stock being higher, ceteris paribus,
than the equilibrium price of the other stock. Moreover, if
the benchmark portfolio is buy-and-hold, then the equili-
brium trading strategies are also buy-and-hold. Thus, in
our model, performance fees of the fulcrum type do not
increase the fund portfolios’ turnover.17 It can be easily
verified that for this case, the parameter restrictions in
Eq. (23) are equivalent to the requirement that the fixed
shares holdings in Eqs. (28) and (29) are strictly positive.

Before proceeding with a detailed analysis of the
equilibrium, we note that in our model fees are paid only
at the terminal date, with utility derived from terminal
wealth. Allowing for fees paid at discrete intervals would
not qualitatively affect our results (other than reinterpret-
ing the horizon T) as long as the fees are consumed rather
than saved. If the fees are saved and the manager faces no
restrictions on his portfolio choices, the standard assump-
tion in the agency literature that the agent is unable to
hedge his compensation in his private account would be
violated, reducing or eliminating the incentive effects of
performance fees. Allowing the manager to have outside
wealth significantly complicates the analysis. The results
would depend in part on what restrictions are imposed on
managers when trading on their own account, as well as
the wealth of managers relative to the size of the funds
they manage. Examples of such restrictions include:
requiring managers hold a personal portfolio that is
identical to the fund portfolio, precluding managers from
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investing in assets held by the fund, and disallowing
managers from taking positions that are opposite of those
of the fund (i.e., shorting an asset that the fund is long or
going long an asset that the fund is short). Some of these
issues are analyzed in a partial equilibrium setting in
Kaniel, Tompaidis, and Zhou (2009). Naturally, a key state
variable that determines fund portfolio allocations in such
a setting is the ratio between a manager’s personal wealth
and the size of the fund she manages. The smaller this
ratio is, the closer her actions will be to the ones we
identify in the current paper. A general equilibrium
analysis for the case where managers are allowed to have
outside wealth is left for future research. Equilibrium
implications in such an analysis would vary depending
on the trading restrictions that are imposed on managers,
and in addition to the channels we identify in the current
paper, will depend as well on the evolution of the ratio
between managers’ personal wealth and assets under
management in the funds they manage.
5. Analysis of equilibrium

This section contains a numerical analysis of the asset
pricing implications of delegated portfolio management.
Throughout most of this section, we calibrate the benchmark
asset to the S&P 500 and the non-benchmark asset to the rest
of the U.S. stock market. We assume that stock (portfolio) 1 is
the benchmark portfolio, i.e., that y

b
¼ ð0,1,0Þ: we address in

Section 6.1 the robustness of our results to alternative
choices of the benchmark (including optimal choice).

We consider investment horizons from T¼1 to 5.
Based on evidence reported by Del Guercio and Tkac
(1998) that 42.6% of the pension fund sponsors who use
performance-based fees to compensate managers rely on
a three to five-year investment horizon to measure
performance and that the median holding period among
the mutual fund investors who totally redeem their
shares is five years, we consider T¼5.18 We consider
T¼1 since most performance contracts in the hedge fund
industry are based on annual performance. Also, hedge
fund lock-up periods are heavily clustered around one
year, and exhibit little variability (see Aragon, 2007).
Finally, data provided to us by the Investment Company
Institute (ICI) on characteristics of fees charged by mutual
funds that have a fulcrum fee in place show that perfor-
mance is typically measured over a 36-month rolling
window.19

Our goal is to understand the asset pricing implications
of commonly observed performance contracts. We consider
two performance fee structures: fulcrum fees ðg1 ¼ g240Þ
and asymmetric performance fees ðg1 ¼ 0, g240Þ. In both
cases, the performance compensation is added on top of a
proportional fee ðb40Þ, as is typically done in practice.
18 The section of the working paper comparing investment horizons

in the pension fund and mutual fund industry does not appear in the

published article (Del Guercio and Tkac, 2002).
19 We would like to sincerely thank Brian Reid, ICI’s chief economist,

and Sean Collins for collecting and providing us with the ICI data. The

data describe contract characteristics for those mutual funds having

performance fees in place as of 2008.
For fulcrum fees we set b=T ¼ 0:6% and g1 ¼ g2 ¼ 2%: using
the ICI data we find that the value-weighted average
proportional component across funds charging performance
fees is 60 basis points, and the typical fulcrum performance
fee is 2%; both on an annual basis. For asymmetric fees we
analyze the predominant two-twenty hedge fund contract
(b=T ¼ 2%, g1 ¼ 0, and g2 ¼ 20%:).

Given that U.S. financial institutions hold about 50% of
financial assets (see Allen, 2001), we set the fraction l of
fund investors in the economy to 0.5. The investors’
relative risk aversion coefficient c is set to 10.

In calibrating the economy, we need to specify the
aggregate supply of the bond and the parameters for the
dividend processes. The calibration is based on annual
data from 1967 to 2007. For calibrating the aggregate
supply of the bond, we use the Fed Flow of Funds L4
annual series. For the dividend processes, stock price data
are obtained from CRSP and we use the one year constant
maturity T-bill (Fed statistical series H15) as the riskfree
asset for computing stock excess returns.

The processes in Eq. (1), which represent the condi-
tional expectation of the liquidation dividend, are taken to
be geometric Brownian motions. Using the time series of
annual log excess returns for the S&P 500 and the rest
of the market, we find the annual standard deviations
and the correlation between the two series. The resul-
ting calibrated diffusion parameters are s1

DðD,tÞ ¼ 0:153D

and s2
DðD,tÞ ¼ 0:191D, and the correlation coefficient is

r¼ 0:89: clearly, a lower correlation would allow for
larger pricing differences across the two stocks to emerge
in equilibrium as a result of benchmarking. Since dividend
processes represent the conditional expectation of the
liquidation dividend, we set m1

DðD,tÞ ¼ m2
DðD,tÞ � 0.

To calibrate the initial levels of the expected liquida-
tion dividends and the aggregate supply of the bond, we
use two facts. First, the average market share of the S&P
500 during the last 40 years has been 0.69.20 Second,
using the Fed Flow of Funds L4 annual series, we find that
the average ratio between the value of Treasury securities
including U.S. savings bonds and corporate equities was
0.45. Specifically, we computed the 0.45 by first comput-
ing for each year in the period 1967–2007 the average
ratio between the ‘‘Government Total Treasury Securities
Including U.S. Savings Bonds’’ and ‘‘All Sectors Corporate
Equities’’ entries of the L4 series, and then averaging these
ratios over the 40 years. Given these two facts, we
consider an economy in which all agents have direct
costless access to the equity market, set the aggregate
supply of the bond to B¼0.45, and solve for the values of
D1

0 and D2
0 that imply that in equilibrium the initial stock

prices are such that S1
0=ðS

1
0þS2

0Þ ¼ 0:69 and S1
0þS2

0¼1 so
that B=ðS1

0þS2
0Þ ¼ 0:45. For T¼5 (T¼1), this implies D1

0¼

1.581 (D1
0¼ 0.815) and D2

0¼0.847 (D2
0¼ 0.379).

Compared to a riskfree rate of zero, a riskfree rate r

different from zero decreases the time t equilibrium
prices by a factor of e�r(T�t), but does not change
equilibrium risk premiums, volatilities, Sharpe ratios, or
20 The market share of the S&P 500 has been fairly stable over these

40 years, with an annual standard deviation of 0.03.
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portfolio weights of the different agents. We set r¼0.06,
the mean log return of the one year constant maturity
T-bill over the period 1967–2007.

All remaining figures, and all tables, are at the end of
the paper. These figures and tables are for an economy
horizon of T¼5. The figures and tables for T¼1 are, in
general, qualitatively similar to the ones for T¼5. In those
cases where they differ, we elaborate on this in the text.
The corresponding figures and tables for the case T¼1 are
in a separate appendix that is available upon request.

5.1. Benchmark economy and proportional fees

Before moving to economies in which fund managers
receive performance fees, it is useful to review equili-
brium prices in the version of our economy in which all
agents have direct costless access to the equity market
(i.e., l¼ 0 or equivalently a¼ b¼ g1 ¼ g2 ¼ 0) and in the
version in which purely proportional management con-
tracts are used (i.e., a¼ g1 ¼ g2 ¼ 0). For the purely pro-
portional contract we set b=T to 1.33%. This is the average
from 1981–2006 of the annual cross-sectional value-
weighted average of total fees charged by actively man-
aged equity funds in the following investment objectives:
aggressive growth, growth, and growth and income.21

Total fees are defined, similar to, for example, Huang,
Wei, and Yan (2007), as the total expense ratio plus one-
seventh of the up-front load.

We first briefly consider an economy where the two
dividend processes are identically distributed, maintain-
ing the same volatility of aggregate dividends as in the
baseline calibration.22 Fig. 2 plots expected values of key
equilibrium quantities at the midpoint (t¼T/2) as a
function of the second stock’s dividend share: D2

t /
(D1

t þD2
t ).23 In the background we superimpose the den-

sity distribution of the dividend share: the visible shaded
region accounts for more than 99.5% of the distribution.
For comparison, the figure also plots the corresponding
equilibrium values with costless access to the equity
market, an economy we will refer to henceforth as the
benchmark economy.24

Starting from the benchmark economy with costless
portfolio delegation, since in this case fund managers and
active investors have identical preferences and wealths
(as fund investors optimally delegate the management
of their entire endowment), they must hold identical
21 We sincerely thank Kelsey Wei for computing this for us.
22 We set s1

DðD,tÞ ¼ s2
DðD,tÞ ¼ 0:165D, and recalibrate D1

0¼D2
0 to

1.210.
23 To produce graphs as a function of the dividend share

D2
t =ðD

1
t þD2

t Þ ¼ 1=ðD1
t =D2

t þ1Þ, we utilize the fact that if D1
t and D2

t are

log-normally distributed, then the distribution of D1
t conditional on

D1
t =D2

t is log-normal. We show this in Lemma A.1 at the end of the

Appendix. This allows us to efficiently integrate over all values of D1
t and

D2
t , conditional on a fixed level of the dividend share.

24 Our benchmark economy is similar to the two-trees Lucas

economy studied in Cochrane, Longstaff, and Santa-Clara (2007), the

differences being that Cochrane, Longstaff and Santa-Clara assume

logarithmic utility, infinite horizon, intertemporal consumption, and

bonds in zero net supply, while we assume general CRRA utilities, finite

horizon, consumption at the terminal date only, and bonds in positive

net supply.
buy-and-hold portfolios in equilibrium. Hence, when a
stock’s dividend share increases, resulting in an increase
in the price of that stock relative to the price of the other
stock, investors must be induced to allocate a higher
fraction of their portfolios to that stock in order for the
market to clear, as shown in the top two panels of Fig. 2.
This equilibrium incentive takes the form of a higher risk
premium (which compensates investors for the higher
correlation between the stock’s dividend and aggregate
consumption) and a higher Sharpe ratio. Since the riskfree
rate is an exogenously specified constant throughout
our analysis, differences in risk premiums are driven
solely by differences in instantaneous expected returns.
Therefore, in the rest of the paper, while the graphs plot
the ‘‘risk premiums,’’ the discussion will focus on varia-
tions in stock expected returns. Stock volatility falls in
response to an increased dividend share, which again is
consistent with providing an incentive to increase the
holding, although this effect is small. Finally, reflecting
the increasing expected returns, price/dividend ratios are
monotonically decreasing functions of the dividend
shares.

The analog of Fig. 2 for the baseline calibration is
shown in Fig. 3. Comparing, for example, the stock Sharpe
ratio panels across the two figures shows that while with
identically distributed dividend processes an increase in
the second stock’s dividend share increases the Sharpe
ratio of the second stock and decreases the Sharpe ratio of
the first, under the baseline calibration both Sharpe ratios
increase. Notice though the line depicting the Sharpe ratio
of the second stock is steeper. Under the baseline calibra-
tion, the volatility of the dividends of the first stock is
lower than that of the second stock. Consequently, an
increase in the second stock’s dividend share increases
the riskiness of the market portfolio. Since the two
dividend processes are highly correlated, for markets to
clear, both stocks need to become more attractive,
although the Sharpe ratio of the second needs to increase
by more due to its increased dividend share.25 The
qualitative differences in the pattern of the expected
return, volatility, and price/dividend ratio graphs across
the two figures are explained by the same reasoning.

Moving from the benchmark economy to an economy
with costly portfolio delegation and proportional fees, the
allocation to mutual funds by fund investors decreases to
less than 100% and the allocation to bonds becomes
strictly positive. As a result, a lower fraction of aggregate
wealth is available for investment in the equity market,
and in order to restore market clearing, fund managers
and active investors must be induced to increase their
equity holdings relative to the benchmark economy, as
shown in the top two panels of both Figs. 2 and 3.26 To
ensure this, expected returns and Sharpe ratios increase
relative to the benchmark economy, while price/dividend
25 When the correlation between the two dividend processes is

below 0.65, the two Sharpe ratios move in opposite direction even when

s1
DðD,tÞ ¼ 0:153D and s2

DðD,tÞ ¼ 0:191D (not shown).
26 Within each of the figures, the top two panels are identical, as

expected: with CRRA preferences, portfolio choice is independent of

wealth levels and is the same if utility is derived from wealth W or bW .
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Fig. 2. The graph plots key equilibrium quantities at time t¼T/2¼2.5 with proportional fees as a function of the second stock’s dividend share, for an

economy with identically distributed dividend processes. The proportional fee parameter b=T is set to 1.33%. For comparison, the corresponding values in

the benchmark economy ðb¼ 0Þ are also plotted. The solid (respectively, dotted) line refers to the first stock (respectively, the second stock) with

proportional fees, while the dashed (respectively, dot-dashed) line refers to the first stock (respectively, the second stock) in the benchmark economy.

Both the instantaneous risk premiums and instantaneous volatilities are on a per annum basis. The shaded region in the background is the density of the

dividend share at t¼T/2.
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ratios decrease. Stock volatilities slightly rise relative to
the benchmark economy. Clearly, in the absence of
benchmarking, delegated portfolio management has a
similar impact on the two stocks. As shown in Fig. 4,
which plots unconditional expected values of key
equilibrium quantities as a function of time t, the devia-
tions between the benchmark economy and an economy
with proportional fees persist through time for portfolio
allocations, expected returns, and Sharpe ratios. Differ-
ences in volatilities and price/dividend ratios decline
over time.

Although not shown, the deviations between stock
expected returns, volatilities, Sharpe ratios, and price/
dividend ratios in the presence of proportional fees and
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Fig. 3. The graph plots key equilibrium quantities at time t¼T/2¼2.5 with proportional fees as a function of the second stock’s dividend share. The

proportional fee parameter b=T is set to 1.33%. For comparison, the corresponding values in the benchmark economy ðb¼ 0Þ are also plotted. The solid

(respectively, dotted) line refers to the first stock (respectively, the second stock) with proportional fees, while the dashed (respectively, dot-dashed) line

refers to the first stock (respectively, the second stock) in the benchmark economy. Both the instantaneous risk premiums and instantaneous volatilities

are on a per annum basis. The shaded region in the background is the density of the dividend share at t¼T/2.
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the corresponding values in the benchmark economy are
monotonic in the proportional fee parameter b. The
qualitative pricing effects are identical in the presence
of load fees.

Before proceeding with analyzing economies with
fulcrum and asymmetric performance fees, we note that
the model-generated risk premiums under our calibration
are higher than those in the data: over the period
1967–2007, the average annualized excess return relative
to the one year constant maturity T-bill of the S&P 500
and the rest of the market were both about 0.055. Low-
ering the risk aversion coefficient reduces the magnitudes
of the model-generated risk premiums. For example, with
a risk aversion coefficient of 3, the risk premiums at the
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Fig. 4. The graph plots unconditional expected values of key equilibrium quantities with proportional fees as a function of time t. The investment horizon

is set to T¼5. The proportional fee parameter is set to b=T ¼ 1:33%. For comparison, the corresponding values in the benchmark economy (b¼ 0) are also

plotted. The solid (respectively, dotted) line refers to the first stock (respectively, the second stock) with proportional fees, while the dashed (respectively,

dot-dashed) line refers to the first stock (respectively, the second stock) in the benchmark economy. Both the instantaneous risk premiums and

instantaneous volatilities are on a per annum basis.

27 The qualitative results are insensitive to the specific choice of the

fee parameters, or to the time horizon of the economy.
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initial date with proportional fees are 0.055 and 0.065 for
stock one and two, respectively (not shown).

5.2. Fulcrum performance fees

The 1970 Amendment of the Investment Advisers Act
of 1940 restricts mutual fund performance fees to be of
the fulcrum type; we examine next their impact on
equilibrium. Fig. 5 plots the unconditional expected
values of key equilibrium quantities as a function of
time t, assuming g1 ¼ g2 ¼ 2% and b=T ¼ 0:6%.27 For
comparison, the figure also plots the corresponding
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Fig. 5. The graph plots unconditional expected values of key equilibrium quantities with fulcrum fees as a function of time t. The investment horizon is
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28 With a sufficiently large fulcrum fee component, the fund essentially

behaves as an index fund, with a 100% allocation to the benchmark stock.
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equilibrium values in an economy with a purely propor-
tional fee of b=T ¼ 0:6%.

As shown in Corollary 1, and displayed in the top left
panel of the figure, the presence of a penalty for under-
performing the benchmark portfolio implicit in fulcrum
fees leads fund managers to tilt their portfolios toward
the benchmark stock relative to their holdings with a
purely proportional contract.28 In addition, the overall
equity allocation by fund managers is higher than with
purely proportional fees. Thus, in order to ensure market



29 In the T¼1, economy the corresponding values at t¼T/2¼0.5 are

1% and 0.69%.
30 Chen, Noronha, and Singal (2004) interpret the asymmetry of the

price effect as evidence against the hypothesis that the effect is due to

downward-sloping demand curves and in favor of the alternative

hypothesis that the effect is due to increased investors’ awareness. Our

analysis implies that portfolio delegation with benchmarking is an

alternative possible explanation for the asymmetry of the effect.
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clearing, relative to holdings under a purely proportional
contract active investors must be induced to hold portfo-
lios that have lower equity allocations and are tilted
toward the non-benchmark stock over the entire horizon,
as displayed in the top right panel. The equilibrium price
distortions relative to an economy with purely propor-
tional fees have the expected signs, and naturally decline
as the terminal date approaches. Specifically, expected
returns and Sharpe ratios are lower than in an economy
with purely proportional fees (in order to induce a lower
overall equity allocation by active investors), with the
difference being more pronounced for the benchmark
stock (in order to induce active investors to tilt their
portfolios toward the non-benchmark stock). Correspond-
ingly, price/dividend ratios are higher than with purely
proportional fees, with the difference being once again
more pronounced for the benchmark stock. Interestingly,
volatilities are lower than with purely proportional fees,
implying that adding performance fees on top of a purely
proportional contract may in fact stabilize prices.

To analyze the sensitivity of the unconditional distor-
tions identified above, Fig. 6 plots the key equilibrium
quantities at time t¼T/2 as a function of the dividend
share of the second (non-benchmark) stock. Given that
with fulcrum fees and a fixed benchmark portfolio,
equilibrium trading strategies are buy-and-hold, as
shown in Corollary 1, the proportional tilt of active
investors toward the non-benchmark stock must be larger
when the price of the benchmark stock is large relative to
that of the non-benchmark stock, i.e., when the second
stock’s dividend share is low. Indeed, using information
from the top right panel we find that the ratio of the
fraction of equity in active investors’ portfolios that is
invested in stock 2 with fulcrum fees to the fraction with
purely proportional fees monotonically declines from 1.39
at a dividend share of 0.2–1.17 at a dividend share of 0.6.
Consistent with this pattern, the equilibrium price distor-
tions for expected returns, volatilities, Sharpe ratios, and
price/dividend ratios relative to an economy with purely
proportional fees are larger when the second stock’s
dividend share is low, having otherwise the expected
signs throughout most of the dividend share space.

To relate the implications of our model to the available
empirical evidence concerning the equilibrium pricing
effects of benchmarking, we examine next how equili-
brium quantities change in our model in response to
changes in the composition of the benchmark portfolio.
In particular, we consider an unanticipated change in the
composition of the benchmark at time t¼T/2 from 100%
stock 1 to 100% stock 2. That is, we consider a setting
where up to t¼T/2, it was almost certain that stock 1 will
be the benchmark that fund managers will be evaluated
against at the terminal date T, and at t¼T/2, managers
learn that even though they thought they would be
evaluated against stock 1 at the terminal date, they will
be evaluated relative to a self-financing portfolio that was
fully invested in stock 1 up to time t¼T/2 and is fully
invested in stock 2 from t¼T/2 till T. To focus on the
impact of the recomposition, for this analysis we reconsi-
der the economy in which the two dividend processes are
identically distributed, with the same volatility of
aggregate dividends as in the baseline calibration.
Table 1 displays unconditional expected values of the
key equilibrium quantities immediately prior to and
immediately following the announcement of the bench-
mark recomposition.

As shown in the Fulcrum labeled column of Panel A,
the weight in the funds’ portfolio of the stock that is
added to (respectively, dropped from) the benchmark
increases (decreases). This is consistent with the evidence
reported in Pruitt and Wei (1989) that changes in the
portfolios of institutional investors are positively corre-
lated with changes in the composition of the S&P 500
index. As a result, the price of the stock that is added to
the benchmark portfolio increases following the
announcement, while its Sharpe ratio and expected
returns decrease (Fulcrum column of Panels E, F, and C).
The changes in the price, Sharpe ratio, and expected
return of the stock that is dropped from the benchmark
have the opposite sign. Furthermore, the effect on prices
is asymmetric, with the expected absolute percentage
change being larger for the stock that is added to the
benchmark (1.8%) than for the stock that is dropped
(1.67%).29 The magnitude of the price changes are increas-
ing in the time left (T�t). For example, following a
recomposition at t¼1 (respectively, t¼4), the absolute
percentage price change for the stock that is added to the
benchmark is 2.8% (0.75%) and for the stock that is
dropped from the benchmark is 2.4% (0.73%); not shown.
Shleifer (1986), Harris and Gurel (1986), Beneish and
Whaley (1996), Lynch and Mendenhall (1997), and
Wurgler and Zhuravskaya (2002), among others, show a
positive permanent price effect of about 3–5% associated
with the inclusion of a stock in the S&P 500 index. Chen,
Noronha, and Singal (2004) report that the price effect is
asymmetric for additions and deletions, with the perma-
nent price impact of deletions being smaller in absolute
value.30

Consistent with the unconditional patterns, in unre-
ported results we find that throughout all the dividend
share range, the weight in the funds’ portfolio and the
price of the stock that is added to (dropped from) the
benchmark increase (decrease) following the announce-
ment, while its Sharpe ratio and expected returns
decrease (increase).

For volatilities, Harris (1989) shows a small positive
average difference in daily return standard deviations
between stocks in the S&P 500 index (the most commonly
used benchmark) and a matched set of stocks not in the
S&P 500 over the period 1983–1987. Since this difference
was insignificant over the pre-1983 period, Harris attrib-
uted it to the growth in index derivatives trading, noticing
that the contemporaneous growth in index funds was
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Fig. 6. The graph plots key equilibrium quantities at time t¼T/2¼2.5 with fulcrum performance fees as a function of the second stock’s dividend share.

The contract parameters are b=T ¼ 0:6%, and g1 ¼ g2 ¼ 2%. For comparison, the corresponding values with proportional fees (g1 ¼ g2 ¼ 0) are also plotted.
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are on a per annum basis. The shaded region in the background is the density of the dividend share at t¼T/2.
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unlikely to be a possible alternative explanation, as ‘‘it
seems unlikely that volatility should increase when stock
is placed under passive management.’’ Yet, our model
delivers this implication concerning volatilities: the Ful-
crum column of Panel D of Table 1 shows that immedi-
ately prior to the recomposition announcement, the
unconditional expected volatility is 14.99% for the bench-
mark stock and 14.89% for the other stock.31 Furthermore,
31 In the T¼1, economy the corresponding values are 16.16% and

16.11%.
a similar relation holds throughout most of the relevant
dividend share range; not shown. While not shown, with
identically distributed dividend processes the uncondi-
tional expected volatility of the benchmark stock is
slightly higher than that of the non-benchmark stock
throughout the economy horizon. This implication can
also be inferred indirectly from Fig. 5: volatilities are
lower with than without fulcrum performance fees, and
the absolute value of the difference between the volatility
with and without fulcrum performance fees is smaller
for the benchmark stock than for the non-benchmark
stock.



Table 1
Equilibrium quantities before and after recomposition.

The table reports unconditional expected values of equilibrium quan-

tities at time t¼T/2, immediately prior to and immediately following an

unanticipated change in the benchmark from stock 1 to stock 2.

Dividends of the two stocks are identically distributed. The contract

parameters are b¼ 2%, g1 ¼ 0, and g2 ¼ 20% for asymmetric fees, and

b¼ 0:6%, and g1 ¼ g2 ¼ 2% for fulcrum fees.

T¼5, t¼2.5

Fulcrum Asymmetric

Panel A: Fund Stock 1 After 0.2903 0.4280

portfolio Stock 1 Before 0.5813 0.4161

Stock 2 After 0.5808 0.4043

Stock 2 Before 0.2890 0.4182

Panel B: Active investor Stock 1 After 0.5082 0.4120

portfolio Stock 1 Before 0.2767 0.4206

Stock 2 After 0.2674 0.4211

Stock 2 Before 0.4997 0.4111

Panel C: Risk premium Stock 1 After 0.1813 0.1922

Stock 1 Before 0.1755 0.1906

Stock 2 After 0.1750 0.1900

Stock 2 Before 0.1813 0.1925

Panel D: Volatility Stock 1 After 0.1488 0.1506

Stock 1 Before 0.1499 0.1476

Stock 2 After 0.1499 0.1472

Stock 2 Before 0.1489 0.1508

Panel E: Sharpe ratio Stock 1 After 1.2175 1.2747

Stock 1 Before 1.1701 1.2895

Stock 2 After 1.1665 1.2891

Stock 2 Before 1.2172 1.2754

Panel F: Price dividend Stock 1 After 0.5185 0.5046

ratio Stock 1 Before 0.5273 0.5045

Stock 2 After 0.5280 0.5045

Stock 2 Before 0.5186 0.5048

32 It is important to keep in mind that each point on each of the

graphs in this figure is obtained by integrating the respective quantity

over the entire two-dimensional dividends domain. As a result, crossings

between the asymmetric and proportional lines need not occur at the

same position across the different subfigures.
33 Caution is warranted in comparing the magnitudes of the distor-

tions, relative to proportional fees, between asymmetric and fulcrum

fees as their proportional fees b are different. However, later we show

that assuming the same proportional fee does not change the conclu-

sions regarding the magnitudes at the initial date for either the portfolio

allocations or the volatilities.
34 Clearly, which incentive dominates at a given excess return

critically depends on both the managers’ risk aversion and the time
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5.3. Asymmetric performance fees

Moving now to equilibria in the presence of asym-
metric performance fees, Fig. 7 plots the unconditional
expected values of the key equilibrium quantities as a
function of time t. As mentioned earlier, for asymmetric
performance fees, we select the contract parameters
b=T ¼ 2% and g2 ¼ 20%. For comparison, Fig. 7 also plots
the corresponding equilibrium values in an economy with
a purely proportional fee of b=T ¼ 2%.

Comparing unconditional expected values of equili-
brium quantities with asymmetric performance fees
(Fig. 7) to the ones with fulcrum fees (Fig. 5) shows some
interesting differences. Fund managers portfolios, relative
to the ones under purely proportional fees, are no longer
tilted exclusively toward the benchmark stock. While at
the initial date the tilt is toward the benchmark, similar to
the direction of the tilt with fulcrum fees although some-
what smaller in magnitude, beyond t¼1 the uncondi-
tional tilt shifts to the non-benchmark stock. For markets
to clear, price dynamics need to adjust to induce a reverse
pattern in active investors’ portfolios. Consequently,
expected returns and Sharpe ratios also exhibit similar
patterns of reversals in the direction of the distortion
relative to an economy with only proportional fees, as do
to a lesser extent volatilities.32 Also, at the initial date, the
reduction in volatilities of both stocks seems larger for
asymmetric performance fees than for fulcrum fees.33

To understand the source of these differences, Fig. 8
plots key equilibrium quantities at time t¼T/2 as a
function of the second stock’s dividend share. For com-
parison, the figure also plots the corresponding values in
an economy with purely proportional fees. It is useful to
keep in mind for the following discussion that an increase
in the dividend share of the second (non-benchmark)
stock is associated with an increase in the difference
between the price of the non-benchmark stock and the
price of the benchmark stock: thus, the funds’ excess
return over the benchmark portfolio, ðWm

t �dS1
t Þ=Wm

0 , is a
monotonically increasing function of the second stock’s
dividend share, with the excess return being zero at a
dividend share of 40%. The 10th and 90th percentiles of
the dividend share distribution are at dividend shares of
30.9% and 39.1%, with corresponding fund excess returns
of �12.2% and �1.4%; annualized, �5.1% and �0.5%.

While fulcrum fees unambiguously induce fund man-
agers to tilt their portfolios toward the benchmark stock
relative to their portfolios under purely proportional fees,
asymmetric performance fees can induce risk-averse fund
managers either to select portfolios having high correla-
tion with the benchmark in an attempt to hedge their
compensation (similar to under fulcrum fees), or to select
portfolios having low correlation with the benchmark in
an attempt to maximize the variance of the excess return
of the managed portfolio over the benchmark (and hence
the expected value of their performance fees, which are a
convex function of this excess return). These shifting risk
incentives are evident in the top left panel of Fig. 8, which
plots funds’ portfolio weights, or, even more clearly, in the
top panel of Fig. 9, which plots funds’ share holdings. As
shown in these figures, the first incentive dominates
(inducing the fund manager to tilt the fund’s portfolio
toward the benchmark stock) when the fund’s excess
return is positive or slightly negative: when the second
stock’s dividend share is larger than 39.5%, corresponding
to an excess return above �0.8%, or equivalently to an
annualized excess return above �0.32%. The second
incentive dominates (inducing the fund manager to tilt
the fund’s portfolio toward the non-benchmark stock)
when the fund’s excess return is sufficiently negative
(below �0.8%).34 When the fund’s excess return is
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Fig. 7. The graph plots unconditional expected values of key equilibrium quantities with asymmetric fees as a function of time t. The investment horizon

is set to T¼5. The contract parameters are b=T ¼ 2%, g1 ¼ 0, and g2 ¼ 20%. For comparison, the corresponding values with proportional fees (g1 ¼ g2 ¼ 0)

are also plotted. The solid (respectively, dotted) line refers to the first stock (respectively, the second stock) with asymmetric fees, while the dashed
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strongly negative, so that the probability of earning
positive performance fees is negligible, the fund manager
essentially behaves as if she were receiving a purely
(footnote continued)

horizon T. A less risk-averse manager has stronger incentives to pick

portfolios with low correlation with the benchmark, in an attempt to

maximize the variance of excess return over the benchmark. A shorter

time horizon has a similar effect.
proportional fee and the difference between the holdings
of the two stocks with asymmetric performance fees and
with proportional fees is close to zero. As shown in the
bottom panel of Fig. 9, the overall equity allocation by
mutual funds exceeds the overall allocation that would
have been chosen with purely proportional fees when the
excess return is positive, dips below the level under
purely proportional fees when the excess return is mod-
erately negative, and converges to the level under purely
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Fig. 8. The graph plots key equilibrium quantities at time t¼T/2¼2.5 with asymmetric performance fees as a function of the second stock’s dividend

share. The contract parameters are b=T ¼ 2%, g1 ¼ 0, and g2 ¼ 20%. For comparison, the corresponding values with proportional fees (g1 ¼ g2 ¼ 0) are also
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proportional fees as the excess return becomes more and
more negative.

The behavior of expected returns and Sharpe ratios in
Fig. 8 reflects the behavior that would be expected to
ensure market clearing given the fund managers’ portfolio
strategy described above. Specifically, two forces are at
play in leading active investors to tilt their portfolios so
that the market clears. First, a tilt in managers’ allocation
toward the benchmark (non-benchmark) stock relative to
the allocation under proportional fees decreases the
expected return and Sharpe ratio of the benchmark
(non-benchmark) stock and increases the expected return
and Sharpe ratio of the non-benchmark (benchmark)
stock. Second, expected returns and Sharpe ratios of both
stocks decrease (increase) relative to the corresponding
quantities in an economy with purely proportional fees
when the overall equity allocation by fund managers is
above (below) that with purely proportional fees. Price/
dividend ratios also have their expected behavior given
their inverse relation to expected returns.

Perhaps surprisingly, equilibrium stock volatilities in
the presence of asymmetric performance fees tend to be
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generally smaller than those in an economy with purely
proportional fees, in spite of the higher portfolio turn-
over.35 The reduction in volatilities is particularly strong
in the region in which the funds’ excess return is either
moderately negative or positive: in fact, in this region the
volatility of the first stock is not only lower than the
corresponding volatility in an economy with purely pro-
portional fees, but also lower than in the benchmark
economy. The source of this volatility reduction can be
understood by noticing that, in the presence of asym-
metric performance fees, the turnover by mutual funds is
35 Equilibrium strategies are buy-and-hold in the presence of purely

proportional fees, while, as shown in the top panel of Fig. 9, there is

positive turnover in the presence of asymmetric performance fees.
concentrated in the region in which their excess return is
either moderately negative or moderately positive and is
associated with a portfolio reallocation away from the
stock whose dividend share, and hence whose price, is
rising (Fig. 9, top panel): to ensure market clearing (that
is, to induce active investors to hold even more of the
stock whose dividend share is rising), the price of this
stock must rise less than what it would have otherwise,
lowering its volatility. The small increase in volatilities
over their values in an economy with purely proportional
fees in the lower stock 2 dividend share ratio region can
be explained by a symmetric argument, as in this region
there is a small reallocation by fund managers toward the
stock whose dividend share is rising.

Turning now to the effect of changes in the composi-
tion of the benchmark portfolio, the Asymmetric labeled
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column of Table 1 displays unconditional expected values
immediately before and after a benchmark recomposition
at t¼T/2 from 100% stock 1 to 100% stock 2, in an
economy with two identically distributed dividend pro-
cesses. Immediately prior to the recomposition, fund
portfolios are on average tilted toward the non-bench-
mark stock, implying that on average the maximizing
variance of excess returns incentive dominates the hed-
ging incentive.36 Changes in manager allocations follow-
ing the recomposition are as would be expected given the
allocations prior to the recomposition (i.e., the allocation
to the stock that is dropped from (added to) the bench-
mark increases (decreases)), as is the fact that the average
magnitude of the change in allocations is significantly
smaller than with fulcrum fees (compare Fulcrum and
Asymmetric columns of Panel A). Even though the two
stocks have identically distributed dividend processes,
fund managers’ unconditional expected allocations to
stock 1 (2) immediately before the recomposition need
not be the same as the allocation to stock 2 (1) immedi-
ately after the recomposition. While in the recomposition
the benchmark flips from stock 1 to 2, the dividend share
remains the same and managers’ strategies are not sym-
metric around a dividend share of 0.5.37 Consequently,
other equilibrium quantities need not be symmetric
around the recomposition as well. The corresponding
impact on volatilities, Sharp ratios, and prices reflects
the expected behavior that would guarantee market
clearing following the recomposition.

Interestingly, even though following the recomposi-
tion, on average, managers increase their holding of the
stock that is dropped from the benchmark and decrease
their holding of the stock that is added to the benchmark,
on average expected returns increase as a stock is
dropped from the benchmark and decrease as it is added.
This stems from the fact that on average expected returns
prior to the recomposition are lower for the benchmark
stock, even though on average managers’ portfolios are
tilted toward the non-benchmark stock. To understand
the source of such an outcome, it is important to keep in
mind that as shown above with asymmetric fees, the
proportional tilt of managers’ portfolios depends on the
level of the dividend share. The figures that correspond to
Figs. 8 and 9 for the case with identically distributed
dividend processes (figures not shown) show that when
the dividend share of the non-benchmark stock is high
(low), managers’ portfolios relative to the portfolios held
under the purely proportional contract are tilted toward
(away from) the benchmark stock, and expected returns
of the benchmark stock are lower (higher) than those of
the non-benchmark stock. However, the difference in the
absolute value of the magnitude of the distortions
36 With two identically distributed dividend processes, the max-

imizing variance of excess returns incentive dominates from time t¼2.4

onward, and the hedging incentive dominates up to time t¼2.4; results

not shown.
37 With fulcrum fees, managers’ strategies are not symmetric

around a dividend share of 0.5 as well, and therefore, there too, in

general, there is no exact symmetry in the unconditional expected

allocations around the recomposition.
between benchmark and non-benchmark stock expected
returns are generally larger for dividend shares above 0.5,
leading to the benchmark stock having, on average, a
lower expected return. This highlights the fact that with
asymmetric performance fees, considering only uncondi-
tional expected values provides a partial perspective. This
is in contrast to fulcrum fees where the direction of the
distortion is the same for all dividend share levels, so that
the qualitative impact on equilibrium quantities is similar
when considering unconditional averages or when con-
ditioning on the level of the dividend share. With asym-
metric performance fees, in the region where funds’
excess return is negative, the price of the stock added to
(dropped from) the benchmark slightly decreases
(increases), while the opposite prevails for larger excess
returns. These price effects are, however, smaller than
with fulcrum fees. Sharpe ratios exhibit a similar pattern,
with typically an opposite sign of the differential between
pre-recomposition and post-recomposition values than
the one for prices.

5.4. Varying performance contract parameters

While in Figs. 5–9 the performance sensitivity para-
meters are held fixed at their calibrated level, Fig. 10
shows how key equilibrium quantities at time 0 vary as
we consider different performance fee sensitivity para-
meters, for both asymmetric and fulcrum performance
fees: for asymmetric fees we fix g1 ¼ 0 and vary g2 and for
fulcrum fees we vary g1 ¼ g2: To simplify the comparison
between the two, we consider two different fulcrum fee
specifications. In the first, the proportional fee is set to the
level under the calibrated fulcrum contract ðb¼ 0:6%Þ, as
used in Figs. 5 and 6. In the second, we set the propor-
tional fee to the same level as in the asymmetric perfor-
mance contract ðb¼ 2%Þ. The levels of the different
equilibrium quantities under the corresponding propor-
tional contracts are the values at the left-hand side of the
figures (i.e., at the point g1 ¼ g2 ¼ 0).

For the fulcrum contracts the results are as anticipated.
Increasing the performance sensitivity parameter g1 ¼ g2

amplifies the tilt of the fund managers toward the bench-
mark stock. This in turn amplifies distortions of other
equilibrium quantities, in general in the anticipated
direction. While not shown, as the performance sensitiv-
ity parameter increases from 0% to 30%, fund investors’
allocations to mutual funds decrease when b¼ 0:6%
(b¼ 2%) from 94% (82%) to 71% (69%) of their endow-
ment. This decrease in fund investors’ allocations partially
mitigates distortions on equilibrium quantities that are
due to higher performance sensitivity parameters, includ-
ing the tilt required in active investors’ portfolios for
markets to clear, as the amount of assets under fund
managers’ management declines.

Differences in levels of equilibrium quantities between
the two fulcrum contracts are mainly driven by the fact
that for a fixed performance sensitivity parameter, fund
investors’ allocate more to funds when the proportional
fee component is lower. Consequently, expected returns
and Sharpe ratios are lower with the lower proportional
fee component, while prices are higher. Interestingly,
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volatilities are lower as well. The rate of change in the
level of the different quantities as a function of the
performance sensitivity component is typically higher
with a lower proportional fee. This is because a smaller
proportional component implies that the performance
component has a larger relative impact on fund managers’
compensation. Consequently, differences in convexities
and concavities between the two fulcrum contracts are
more pronounced at low performance sensitivity levels,
since the relative impact of the proportional component
decreases as the performance component increases.

For asymmetric fees, as shown in the top left panel, at
time 0, when excess return is zero, fund managers are in
the region in which they find it optimal to tilt their
portfolios toward the benchmark stock relative to their
holdings under a purely proportional contract, although
the tilt is slight. Therefore, equilibrium prices must adjust
so that active investors are induced to tilt their portfolios
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toward the non-benchmark stock. While both stocks have
equilibrium expected returns that are lower than with
purely proportional fees (i.e., comparing to the level at
g2 ¼ 0), the difference is less pronounced for the non-
benchmark stock. This smaller difference is offset by a
smaller difference in volatility, where both volatilities are
lower than with purely proportional fees as well, resulting
in the Sharpe ratio of the non-benchmark (benchmark)
stock being below (above) the Sharpe ratio with purely
proportional fees. Therefore, active investors’ slight tilt at
time 0 toward the non-benchmark stock is not induced by
the Sharpe ratio or volatility channels but by some other
channel.38

Interestingly, with asymmetric fees for the T¼1 econ-
omy, the tilt in managers’ portfolio allocations is not
monotone in the performance sensitivity parameter.
When T¼1 and g2410%, similar to above, fund managers
are in the region in which they find it optimal to tilt their
portfolios toward the benchmark stock, implying that at
time 0, hedging considerations dominate the incentive to
maximize variance of excess returns. However, when T¼1
and g2o10%, the incentive to maximize variance of
excess returns dominates and managers tilt allocations
away from the benchmark stock. Equilibrium quantities
must adjust to induce active investors to tilt allocations
toward the benchmark stock. In this region, however, the
tilt is induced through the Sharpe ratio and volatility
channels. Specifically, the increase in the Sharpe ratio of
the benchmark stock, the decrease in the Sharpe ratio of
the non-benchmark stock, and the larger decrease in
volatility relative to when purely proportional fees are
in place of the benchmark stock lead active investors to
tilt their holdings toward the benchmark stock, even
though the decline in expected returns is slightly more
pronounced for the benchmark stock.

Finally, given that variations in fund managers’ port-
folio distortions, as a function of the performance sensi-
tivity parameter, are less pronounced with asymmetric
fees compared to fulcrum fees, fund investors’ allocations
to mutual funds decrease less with asymmetric fees: from
82% of their endowment when g2 ¼ 0 to 75% of their
endowment when g2 ¼ 30%: not shown.

5.4.1. Costs of delegation

Table 2 reports certainty equivalents for fund investors,
fund managers, and active investors for a variety of contract
parameters.39 For the calibrated contracts (top panel): fund
managers’ certainty equivalent (henceforth, CE) is lower than
with a purely proportional contract with the same propor-
tional fee (second panel), both for the fulcrum and the
38 In the corresponding economy with identically distributed divi-

dend processes, not shown, the expected return of the non-benchmark

stock exceeds that of the benchmark stock; this higher expected return

is offset by a higher volatility, resulting in the Sharpe ratio of the non-

benchmark stock being below that of the benchmark stock.
39 The managers’ certainty equivalent (CEm) is defined by

umðCEmÞ ¼ E½umðFðWm
T ,Wb

T ÞÞ�. Similarly, the active investors’ certainty

equivalent (CEa) is defined by uaðCEa
Þ ¼ E½uaðFðWa

T ÞÞ�, and the fund

investors’ certainty equivalent (CEf) is defined by uf ðCEf
Þ ¼

E½uf ðyf
0BþðWf

0�y
f
0BÞRT Þ�, where RT is the net return on mutual funds

defined in Eq. (4).
asymmetric performance fee contracts. The same holds for
fund investors with the asymmetric performance fee con-
tract. With fulcrum fees, fund investors’ CE is slightly higher
than in the corresponding proportional fee contract. How-
ever, holding fixed fund managers’ certainty equivalent at
the level obtained with the calibrated fulcrum fee para-
meters, a proportional contract with a slightly lower fee than
in the calibrated contract yields a certainty equivalent gain to
fund investors of 0.6% (not shown). While the proportional
contract yields a higher CE than the calibrated asymmetric
contract for both fund managers and fund investors, as we
will show in Section 6, under the optimal choice of fee
parameters asymmetric performance fees dominate propor-
tional fees, while fulcrum fees are dominated.

The last two columns quantify costs of delegations.
The column Delegation cost quantifies the reduction in
the CE of fund investors versus active investors: ((Active
investors CE)�(Fund investors CE))/(Active investors CE).
This is the overall cost borne by fund investors. It
accounts for direct costs of paying fees, but also for
indirect costs due the nature of the agency relation. The
column Distortion cost quantifies the latter. To compute
this, we first compute the CE of the combined wealth of
fund investors and fund managers, not shown, represent-
ing Fund investors ‘‘before fees’’ CE. Then, similar to the
first measure, we compute ((Active investors CE)�(Fund
investors before fees CE))/(Active investors CE). The Dis-
tortion costs in Panel g¼ 0% (proportional) represent the
part of the losses that is due to the fact investors delegate
only part of their wealth to funds to manage, since with
proportional fees managers and active investors hold the
same portfolios.

In general, both costs increase as the performance
sensitivity parameter increases. Comparing the two cost
columns suggests that the increase in Delegation cost
associated with a higher performance sensitivity parameter
is driven mostly by higher Distortion costs, as opposed to
higher managerial compensation. The difference between
the Delegation cost column and the Distortion cost column
represents the explicit cost of delegation. Alternatively, this
explicit cost of delegation can be gauged by computing
(Fund managers CE))/(Active investors CE): the two mea-
sures yield very close values. Considering the costs of
either two asymmetric or two fulcrum contracts with the
same performance sensitivity component but different
proportional fee components shows that with the higher
proportional fee component ðb¼ 2%Þ, the bulk of the cost is
an explicit cost due mostly to the proportional component.
However, with the lower performance fee component
ðb¼ 0:6%Þ, Distortion costs can be a significant part of the
overall cost, as would be expected.

Active investors slightly benefit indirectly from a higher
performance sensitivity parameter, holding fixed the propor-
tional fee. The benefit generally increases in the performance
fee sensitivity level. A higher performance sensitivity para-
meter is associated with a higher Delegation cost, which
induces fund investors to delegate less money to funds to
manage. While managers’ overall proportional allocation to
equity may increase, this does not suffice to restore market
clearing due to the reduced size of the portfolio they manage.
To induce active investors to increase allocations to stocks, so



Table 2
Certainty equivalents for different contract parameters.

The table reports certainty equivalents (CE), the corresponding Delegation cost ((Active investors CE)�(Fund investors CE))/(Active investors CE) and

Distortion cost ((Active investors CE)-(Fund investors before fees CE))/(Active investors CE), where Fund investors before fees CE is defined as the CE of

the combined terminal wealth of fund investors and fund managers. The proportional component of each contract is shown in the column titled b. Prop is

a proportional contract, Asym and Asym2 are asymmetric performance fee contracts, and Fulc and Fulc2 are fulcrum contracts. Investment horizon is set

to T¼5.

Contract b Fund manager Fund investor Active investor Delegation Distortion

CE CE cost (%) cost (%)

Calibrated parameters

Prop 1.33 0.1142 1.8394 1.9619 6.24 0.40

Asym 2.00 0.1588 1.7780 1.9667 9.60 1.43

Fulc 0.60 0.0489 1.9051 1.9618 2.89 0.39

g¼ 0% (proportional fee)

Prop 2.00 0.1614 1.7847 1.9642 9.14 0.84

Prop 0.60 0.0553 1.9033 1.9604 2.91 0.09

g¼ 2%

Asym 2.00 0.1617 1.7843 1.9643 9.16 0.87

Fulc 0.60 0.0489 1.9051 1.9618 2.89 0.39

Asym2 0.60 0.0546 1.9011 1.9613 3.07 0.28

Fulc2 2.00 0.1556 1.7910 1.9640 8.81 0.82

g¼ 5%

Asym 2.00 0.1614 1.7834 1.9646 9.22 0.95

Fulc 0.60 0.0456 1.8993 1.9646 3.32 0.98

Asym2 0.60 0.0535 1.8964 1.9629 3.39 0.64

Fulc2 2.00 0.1498 1.7951 1.9645 8.62 0.92

g¼ 10%

Asym 2.00 0.1606 1.7815 1.9653 9.35 1.13

Fulc 0.60 0.0437 1.8917 1.9674 3.85 1.59

Asym2 0.60 0.0525 1.8908 1.9647 3.76 1.04

Fulc2 2.00 0.1440 1.7964 1.9656 8.61 1.18

g¼ 20%

Asym 2.00 0.1588 1.7780 1.9667 9.60 1.43

Fulc 0.60 0.0424 1.8842 1.9700 4.36 2.15

Asym 2 0.60 0.0518 1.8843 1.9665 4.18 1.44

Fulc 2 2.00 0.1382 1.7942 1.9678 8.82 1.66

g¼ 30%

Asym 2.00 0.1576 1.7748 1.9693 9.88 1.73

Fulc 0.60 0.0419 1.8806 1.9712 4.60 2.42

Asym2 0.60 0.0517 1.8802 1.9674 4.43 1.65

Fulc2 2.00 0.1353 1.7914 1.9677 8.96 1.91
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that market clearing is restored, equilibrium quantities
change in their favor.

Finally, comparing the two calibrated performance fee
contracts to the corresponding proportional contracts
shows that differences in costs between the two cali-
brated contracts are mostly due to the higher proportional
fee component in the asymmetric contract. While the
ratio between the Delegation cost under the asymmetric
calibrated contract and the fulcrum calibrated contract is
3.32 (9.60/2.89), the ratio between the corresponding
proportional contracts is only slightly lower at 3.14
(9.14/2.91). Comparing for each of the calibrated con-
tracts the magnitude of the Delegation cost and Distortion
cost shows as well that the bulk of the delegation cost is
due to the proportional performance component.

6. Optimality of performance contracts

While our objective in this paper is to understand the
impact of commonly observed performance contracts on
equilibrium returns, we briefly address in this section the
rationale for performance contracts within our model.

Given that in our model investors and managers have
utilities with linear risk tolerance and identical cautious-
ness, the principle of preference similarity of Ross (1973)
would seem to imply that a linear fee should be optimal.
Specifically, Ross shows that, under the stated assumption
on preferences, a linear fee achieves first best. However,
two distinctive features of our model are that fund
investors have direct access to riskless investment oppor-
tunities and that they take the fee structure as given when
formulating their investment decisions: this is in contrast
to standard models of delegated portfolio management, in
which the principal is assumed to delegate the manage-
ment of his entire portfolio and to be able to dictate the
fee structure (subject only to the managers’ participation
constraint).

To see why these features negate the optimality of a
linear fee, recall from Ross (1973) or Cadenillas, Cvitanić,
and Zapatero (2007) that the first-order condition for a



41 Simply restricting fund managers to trade only equity is sub-

optimal if the allocation to mutual funds cannot be continuously

rebalanced, as it leads to significant variations over time in fund

investors’ effective portfolio mix of bonds and equity.
42 In panels where the parameters differ from the calibrated para-

meters, we recalibrate D1
0 and D2

0, maintaining the assumption that in an

economy in which all agents have direct costless access to the equity

market, the equity share of stock one is 0.69. In the top and bottom right

panels D1
0 ¼ 1:153 and D2

0 ¼ 1:568, in the left middle panel D1
0 ¼ 1:402
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linear fee FðWÞ ¼ aþbW to achieve first best is

u0ðyf
0BþWm

T �FðWm
T ÞÞ ¼o

�cu0ðFðWm
T Þ, ð30Þ

where o is a positive constant that depends on the
managers’ reservation utility: Eq. (30) states that the fee
should make the marginal utility for the principal propor-
tional to that of the manager, ensuring Pareto-optimal
risk sharing. This condition is satisfied if and only if
a¼ yf

0B=ð1þoÞZ0 and b¼ 1=ð1þoÞ40. Thus, in order
for a linear fee to achieve first best, the load component a
must depend on the portfolio allocation chosen by fund
investors (in particular, a¼ 0 if the fund investors dele-
gate their entire portfolios). If fund investors were able to
choose the managers’ compensation contract while com-
mitting to delegating the amount Wf

0�y
f
0B, this fee would

indeed be optimal. However, since in our model the fund
investors choose their portfolio allocation taking the fee
as given, Eq. (30) being satisfied becomes equivalent to
the investors choosing yf

0B¼ a=b ex post when confronted
with a fee FðWÞ ¼ aþbW with aZ0 and b40. It is
immediate to see that this would not be the case when
a¼ 0, as having yf

0 ¼ 0 (that is, delegating the entire
portfolio) is clearly suboptimal if b40. More generally,
whenever there is some portfolio delegation (i.e.,
yf

0BoWf
0), yf

0 satisfies the first-order condition in
Eq. (18), which can in this case be written as

E½u0ðyf
0BþWm

T �FðWm
T ÞÞðW

m
T �FðWm

T Þ�Wm
0 Þ� ¼ 0: ð31Þ

Eqs. (30) and (31) imply that the fund investors choosing
expost the level of delegation that ensures that a linear
fee achieves first best is equivalent to having

E½u0ðFðWm
T ÞÞðW

m
T �FðWm

T Þ�Wm
0 Þ� ¼ 0: ð32Þ

However, since v(W,Wb)¼u(F(W)) and AðWbÞ ¼ ½0,1Þwith
linear fees, it follows from Eq. (14) that bu0ðFðWm

T ÞÞ ¼

cmpT . Substituting in Eq. (32) and using the fact that
ptWm

t and pt are martingales gives

E½u0ðFðWm
T ÞÞðW

m
T �FðWm

T Þ�Wm
0 Þ� ¼�

cm

b
ðaþbWm

0 Þo0:

Hence, given a linear fee, individual fund investors would
not choose ex post the level of delegation that ensures
that a linear fee achieves first best: since individual
investors do not internalize the fact that fees will have
to increase if they ‘‘underinvest’’ in mutual funds in order
to continue to guarantee a given certainty equivalent to
fund managers, they will always invest less than the
amount needed to achieve efficient risk sharing.40

What types of compensation contracts could dominate
linear fees? Since investors do not pay management fees on
bonds they hold directly, but do pay fees on bonds they hold
indirectly through mutual funds, it is in their best interest to
select compensation contracts that induce portfolio managers
to hold portfolios with high equity exposures. Contracts with
40 For simplicity, we will refer to the utility (or certainty equivalent)

provided to managers by their compensation as the managers’ reserva-

tion utility (or certainty equivalent), although as noted this utility is not

necessarily that required by a binding participation constraint, but

possibly the equilibrium outcome of some more complicated bargaining

game.
convex payoffs provide a possible way to incentivize man-
agers to increase the overall equity exposure, although, as
noted by Ross (2004), this incentive does not necessarily hold
over the entire state space.41

Fig. 11 plots the Pareto frontiers for purely proportional
contracts and for contracts including asymmetric or load
fees: for asymmetric contracts we set g1 ¼ a¼ 0 varying b
and g2, for the load contract we set g1 ¼ g2 ¼ 0 varying b and
a. Fund managers’ certainty equivalent is on the horizontal
axis. Fund investors’ (respectively, active investors’) certainty
equivalent is on the vertical axis in the top four (bottom two)
panels. The top and bottom left panels correspond to the
calibrated economy we have analyzed throughout the paper:
s1

DðD,tÞ ¼ 0:153D and s2
DðD,tÞ ¼ 0:191D. In the top and

bottom right panels, s1
DðD,tÞ ¼ 0:1D and s2

DðD,tÞ ¼ 0:3D:

The middle panels are similar to the top panels but with
the aggregate bond supply set to B¼0.7 (including in the
riskless asset also government agency securities), instead of
B¼0.45. The reason we consider these two middle panels is
that for the B¼0.45 specifications, the load contract frontier
is visually indistinguishable from the proportional frontier,
under the resolution of the figures.42 For low managers’
reservation utilities neither asymmetric performance fees nor
load fees generate significant Pareto improvements over
purely proportional contracts: this is consistent with the
above discussion, as when fees are low fund investors
optimally choose to delegate almost their entire portfolio
and the ‘‘underinvestment’’ relative to the amount ensuring
efficient risk sharing with proportional fees is minimal.
However, for high managers’ reservation utilities both load
fees and asymmetric performance fees Pareto-dominate
purely proportional contracts, with performance fees in turn
dominating load fees. This is again what could be expected
from the above discussion: when fund investors hold a
significant amount of bonds in their private accounts, linear
contracts with positive load fees dominate purely propor-
tional contracts. On the other hand, any positive load fee a is,
given the ex post allocation chosen by fund investors, always
higher than what would be needed to ensure optimal risk
sharing, resulting in significant utility losses for fund inves-
tors in states in which their terminal wealth is low. This
creates the potential for performance fees to dominate load
fees, although, as we have shown in Section 5, performance
fees have a negative impact in terms of portfolio
diversification.43,44 Not all benchmark specifications lead
and D2
0 ¼ 0:733, in the right middle panel D1

0 ¼ 1:070 and D2
0 ¼ 1:249:

43 Some empirical support for the existence of welfare gains

associated with the use of performance fees is provided by Coles, Suay,

and Woodbury (2000), who find that closed-end funds that use perfor-

mance fees tend to command a premium that is about 8% larger than

similar funds that do not use these fees.
44 The Pareto benefits of using performance fees with the T ¼ 1

horizon economy, while present, are very small.



0.355 0.360 0.365 0.370 0.375

1.36

1.38

1.40

1.42

1.44

1.46

0.28 0.29 0.30 0.31 0.32
1.40

1.45

1.50

1.55

0.285 0.290 0.295 0.300 0.305

1.62

1.64

1.66

1.68

1.70

1.72

0.245 0.250 0.255 0.260 0.265 0.270

1.66

1.68

1.70

1.72

1.74

1.76

0.355 0.360 0.365 0.370 0.375

2.000

2.005

2.010

2.015

2.020

2.025

0.28 0.29 0.30 0.31 0.32

1.960

1.965

1.970

1.975

1.980

1.985

1.990

1.995

Benchmark: Stock 1 Benchmark: Stock 2 Benchmark: Market of Risky Proportional Load

Fig. 11. The graph plots the Pareto frontier at time t¼0 with asymmetric performance fees and three different benchmark portfolios: stock 1 (solid line),

stock 2 (dotted line), and the market portfolio of risky assets (dashed line). Also plotted is the Pareto frontier with proportional fees (dot-dashed line), and

in the middle two panels with load fees (long-dashed line). Managers’ certainty equivalent is on the horizontal axis. Fund investors’ certainty equivalent

is on the vertical axis in the top four panels, and active investors’ certainty equivalent is on the vertical axis in the bottom two panels. In each panel, we

calibrate D1
0 and D2

0 so that in an economy in which all agents have direct costless access to the equity market, the equity share of stock one is 0.69. Plot

ranges are restricted so that the difference between the different frontiers is clearly visible. Investment horizon is set to T¼5.
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to a dominance of asymmetric performance fees over load
fees (for example, compare in the left panel of the middle
row the frontier with load fees to the frontier with stock one
as the benchmark). For each of the economies considered in
the figure there exists a benchmark specification for which
the corresponding asymmetric performance fee frontier
dominates the frontier with load fees, however, this may
not be a general result. In Fig. 11 the different benchmark
portfolios are exogenously fixed: thus, selecting the bench-
mark optimally would lead to an even stronger dominance
of performance fees over proportional fees. We will return
to this point in Section 6.1.
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Moving along the efficient frontier with asymmetric
performance contracts and an exogenously fixed bench-
mark, increases in fund managers’ certainty equivalent
are associated with simultaneous increases in both the
proportional fee component and the asymmetric perfor-
mance fee component. Focusing on the calibrated econ-
omy: the optimal proportional fee parameter b=T

increases from 0% to 8.58%, while the optimal perfor-
mance sensitivity parameter g2 increases from 0% to
11.41%. In particular, the model implies a positive corre-
lation between managers’ overall compensation and con-
tract performance sensitivity, which appears to be
consistent with anecdotal empirical evidence. The opti-
mal sensitivity parameter that corresponds to the cali-
brated proportional fee of b=T ¼ 2% is only g2 ¼ 0:75%,
considerably lower than the 20% observed in practice. The
model also implies a positive correlation between the
performance sensitivity parameter and both expected
returns and Sharpe ratios (not shown). Fund investors’
endogenously chosen allocation to mutual funds
decreases along the frontier from 100% to 42.6% of their
endowment. As a result of this quickly decreasing alloca-
tion to mutual funds, the number of shares of both stocks
held by mutual funds is a monotonically decreasing
function of g2, in spite of the increasing proportional
allocation to stocks by mutual funds. Hence, the active
investors’ proportional allocation to both stocks must be
an increasing function of g2. This is obtained by expected
returns and Sharpe ratios increasing along the frontier.
Similar patterns exist for the other frontiers.

Within our model, for reported results as well as for all
other parameter specifications we have considered, ful-
crum fees never generate a Pareto improvement over
purely proportional fees: along the fulcrum frontier
g1 ¼ g2 ¼ 0, coinciding with the proportional frontier.45

Adding a fulcrum fee to a proportional contract increases
the welfare of fund investors (since fulcrum fees also
induce an increase in the equity allocation chosen by fund
managers) but strongly decreases the welfare of fund
managers, due to the utility losses in states in which the
excess return of the managed portfolio over the bench-
mark is negative.

In the asymmetric contracts considered in Fig. 11, no
penalty is imposed on managers for underperforming the
benchmark. However, performance contracts can include
a penalty, while remaining convex (0og1og2). This can
potentially enhance welfare as it partially mitigates the
distortions in fund managers’ allocations that are induced
in the region where the incentive to maximize the
variance of the excess return of the managed portfolio
over the benchmark dominates. Fig. 12 considers adding
and varying the performance sensitivity penalty at points
45 Das and Sundaram (2002) find that asymmetric performance fees

also dominate fulcrum fees in a signaling model with fund managers of

different skills, although this dominance arises in their model for a

completely different reason: the ability of fund managers to more easily

signal their skill, and thus to extract a higher surplus, in the presence of

fulcrum fees. Ou-Yang (2003) provides a model in which investors are

assumed to delegate the management of their entire portfolio and

fulcrum fees are optimal.
along the efficient frontier when stock 1 is the bench-
mark. For high fund manager certainty equivalents there
is a benefit, although fairly small: the figure is restricted
to a very narrow range at the very top of the viable
manager certainty equivalent range. For lower manager
certainty equivalents there is no benefit (i.e., it is best to
set g1 ¼ 0). Focusing on the calibrated economy, the
optimal penalty performance sensitivity parameter is zero
below a certainty equivalent of 0.36 and increases along
the upper part of the frontier up to 2.8%. Comparing the
two panels shows that the qualitative impact on fund
investors’ certainty equivalent of adding a penalty can
differ depending on economic fundamentals. The differ-
ential impact is because while in the calibrated economy
(top panel) managers’ incentives to maximize the var-
iance of the excess return of the managed portfolio over
the benchmark dominate, in the lower panel hedging
incentives dominate so that an introduction of a penalty
exacerbates fund managers’ portfolio distortions. The
impact on managers is similar across the two panels, as
in both cases the allocation by fund investors increases
with the introduction of the penalty.

6.1. Optimal benchmarking

In order to understand the impact of delegated portfo-
lio management on equilibrium prices, in an empirically
relevant setting, our numerical analysis has focused on a
calibrated example. In this calibrated example the two
liquidation dividends have fairly similar distributions and
the benchmark portfolio is exogenously specified to be
the stock with the lower volatility and higher market
share. However, in equilibrium, the composition of the
benchmark portfolio should be determined endogenously
and so we briefly address the robustness of our results to
optimal benchmarking in the context of asymmetric
performance fees.

When optimally determining the composition of the
benchmark, fund investors seek to maximize the overall
equity allocation by fund managers while at the same
time minimizing the investment distortions induced by
benchmarking. In general, the portfolio held by fund
managers is a (dynamically rebalanced) combination of
the market portfolio, the benchmark portfolio, and the
riskless asset. Therefore, when the benchmark portfolio
coincides with the market portfolio of risky assets, fund
managers’ equilibrium trading strategy consists of a
combination of this portfolio and the riskless asset,
eliminating the distortions in the allocation to risky assets
induced by benchmarking and benefiting fund investors.
On the other hand, because it is suboptimal in this case
for fund managers to increase the tracking error volatility
of their portfolio (and hence the expected value of their
performance fees) by holding a portfolio of risky assets
that deviates from the benchmark portfolio, they opti-
mally choose to reduce the risk of their compensation by
holding a portfolio characterized by a lower overall equity
allocation. Clearly, this latter effect is detrimental to fund
investors.

When the two liquidation dividends are identically
distributed and the aggregate supplies of both stocks are
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Fig. 12. The graph plots the Pareto frontier at time t¼0 with asymmetric performance fees with stock 1 as the benchmark (solid line). Deviations from

the frontier (dotted lines) are produced by adding and varying the penalty performance sensitivity parameter g1, while holding the other contract

parameters fixed at the level on the frontier. The managers’ certainty equivalent is on the horizontal axis and the fund investors’ certainty equivalent is

on the vertical axis. Top panel is for the calibrated parameters used throughout the paper: s1
D ¼ 0:153D,s2

D ¼ 0:191D. Bottom panel is for the case

s1
D ¼ 0:1D,s2

D ¼ 0:3D. The plot range is reduced so that the difference between the different frontiers is clearly visible. Investment horizon is set to T¼5.
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the same, it is easy to see that the optimal benchmark
portfolio must coincide with the market portfolio of risky
assets, as the equilibrium must then be fully symmetric in
the two stocks. As a result, all cross-sectional price
distortions are eliminated in this case, although delegated
portfolio management still has an impact on equilibrium
risk premiums and volatilities.46

This, however, is a knife-edge case: if the two liquida-
tion dividends are not identically distributed, the market
portfolio of risky assets is not the optimal benchmark.
This is highlighted in the right top and middle panels of
Fig. 11, for the case s1

DðD,tÞ ¼ 0:1D and s2
DðD,tÞ ¼ 0:3D:

Interestingly, in this case, benchmarking fund managers
to either asset results in welfare gains over benchmarking
them to the market portfolio of risky assets.47 In the left
top and middle panels, the frontier with the market
portfolio as the benchmark Pareto-dominates the
46 In an earlier version of the paper we have confirmed this

numerically.
47 A similar pattern emerges if we maintain the assumption that

s1
DðD,tÞ ¼ 0:1D and s2

DðD,tÞ ¼ 0:3D, but recalibrate D1
0 and D2

0 so that in an

economy in which all agents have direct costless access to the equity

market, the equity share of stock 1 is 0.5.
frontiers corresponding to the benchmark consisting of
either of the individual assets. However, it does not
coincide with the optimal benchmark which is tilted
toward the higher volatility asset. In general, the optimal
benchmark tilt accounts for the induced tilt in fund
managers’ portfolio allocations, so that it increases fund
volatility, and hence the systematic risk and the expected
return of the fund’s portfolio.

Naturally, the percentage gain in certainty equivalent
relative to using a proportional fee increases along the
frontier. For the calibrated economy (top left panel): with
stock 1 (respectively, the market portfolio) as the bench-
mark the maximal percentage gain of fund investors’
certainty equivalent is 1.1% (2.3)% and of fund managers’
certainty equivalent is 0.1% (0.6%). For an optimal contract
(not shown) the corresponding values are 2.5% and 0.7%.48

With larger differences in the volatilities of the two
dividend processes, gains are larger. For example, in the
48 The optimal benchmark at the high end of managers’ certainty

equivalents is 34% stock 1 and 64% stock 2. There is a slight benefit to

allowing a performance penalty, but this benefit is even smaller than the

one in the top panel of Fig. 12. When managers’ certainty equivalent is

0.18, percentage gain increase is 0.01%.



D. Cuoco, R. Kaniel / Journal of Financial Economics 101 (2011) 264–296 293
top right panel with stock 1 as the benchmark the
maximal percentage gain to fund investors is 4.1%, and
to fund managers is 2.5%. The bottom two panels show
that similar to the pattern observed in Table 2, along the
frontier active investors indirectly benefit as the cost to
fund investors of acquiring delegation services increases.
However, the benefit is smaller when asymmetric perfor-
mance fees are used to enhance fund investors’ welfare,
compared to when proportional fees are used. This
indirect benefit is the lowest when the optimal contract
is used.

Finally, as it should be clear, the optimal benchmark
not being the market portfolio of risky assets is all that is
needed for the qualitative results described in Section 5
to hold.

7. Conclusion

We have examined the impact of delegated portfolio
management on equilibrium prices within a dynamic
general-equilibrium setting in which the parameters
of the management contract, the extent of delegated
portfolio management, and the returns of both bench-
mark and non-benchmark securities are all determined
endogenously.

When fund managers receive performance fees of the
fulcrum type, they optimally choose to tilt their portfolios
toward stocks that are part of the benchmark: in equilibrium,
this results in a significant positive price effect associated
with the addition of a stock to the benchmark and a smaller
negative price effect associated with a deletion. These impli-
cations are consistent with empirical evidence regarding
changes in the composition of the S&P 500 index (the most
widely used benchmark portfolio). Everything else being the
same, we also find that benchmark stocks have lower
expected returns, lower Sharpe ratios, and higher volatilities
than similar non-benchmark stocks.

With asymmetric performance fees, the composition of
the portfolios selected by fund managers depends criti-
cally on the funds’ excess return. As a result, cross-
sectional differences between benchmark and non-bench-
mark stocks can have either sign, depending on the funds’
performance relative to the benchmark. Interestingly, the
presence of portfolio managers receiving asymmetric
performance fees can stabilize prices by decreasing the
equilibrium stock volatilities of both benchmark and non-
benchmark stocks, although portfolio turnovers are
higher with asymmetric fees.

Previous literature has typically taken asset returns
and the level of delegated portfolio management as given,
analyzing managers’ portfolio choice decisions and deriv-
ing optimal contracts. We have complemented this litera-
ture by analyzing the asset pricing implications of a
prevalent parametric class of existing contracts, when
the level of delegated portfolio management is deter-
mined endogenously. We have also demonstrated that
when full delegation is not exogenously imposed, perfor-
mance contracts may be welfare-improving, even when
there is no asymmetric information and investors and
fund managers have CRRA preferences with the same risk
aversion coefficient.
Appendix A

To simplify the notation, throughout this appendix we
frequently suppress the explicit dependence of quantities
such as W , W1, and W2 on Wb.

Proof of Lemma 1. Suppose first that bþg1a0 and
consider the system of equations
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where Z¼ ððbþg2Þ=ðbþg1ÞÞ
1�1=c. Moreover,
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Letting W ðWbÞ ¼ ððg1dWb�aÞ=ðbþg1ÞÞ
þ (as in Eq. (9))

and W1ðW
bÞ ¼ ðW�

1Þ
þ (as in Eq. (13)), it follows from the

above inequality that W rW1odWb.

If W1ðW
bÞ40, it then immediately follows from the

system (33) that Eqs. (11) and (12) are satisfied, with

equality in Eq. (12) and W2(Wb)¼W2
n
, establishing the

lemma for this case.

If, on the other hand, W1(Wb)¼0, then W�
1 r0 and it

follows from Eq. (35) that a�g1dWb40. Therefore, the

function

f ðWÞ ¼ uða�g1dWbÞ�uðaþbWþg2ðW�dWbÞÞ

þu0ðaþbWþg2ðW�dWbÞÞðbþg2ÞW ð36Þ

is well-defined for WZWb and the existence of a solution

W2ðW
bÞ4dWb to Eq. (11) is equivalent to the existence of

a zero of f in ðdWb,1Þ. Clearly, f is continuous and strictly

decreasing on ½dWb,1Þ. Moreover,

f ðdWbÞ ¼ uða�g1dWbÞ�uðaþbdWbÞþu0ðaþbdWbÞðbþg2ÞdWb

4uða�g1dWbÞ�uðaþbdWbÞ

þu0ðaþbW�
2þg2ðW

�
2�dWbÞÞðbþg2ÞdWb

¼ uða�g1dWbÞ�uðaþbdWbÞ

þu0ðaþbW�
1þg1ðW

�
1�dWbÞÞðbþg1ÞdWb

Zuða�g1dWbÞ�uðaþbdWbÞþu0ða�g1dWbÞðbþg1ÞdWb

40,

where the second (in)equality follows from the fact that u0

is decreasing and W�
2 4dWb, the third from the first

equation in the system (33), the fourth from the fact that

u0 is decreasing and W�
1 o0, and the last from the fact that
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the function uðaþbWþg1ðW�dWbÞÞ is concave in W.

Similarly,

f ðW�
2Þ ¼ uða�g1dWbÞ�uðaþbW�

2þg2ðW
�
2�dWbÞÞ

þu0ðaþbW�
2þg2ðW

�
2�dWbÞÞðbþg2ÞW

�
2

¼ uða�g1dWbÞ�uðaþbW�
1þg1ðW

�
1�dWbÞÞ

þu0ðaþbW�
1þg1ðW

�
1�dWbÞÞðbþg1ÞW

�
1

r0,

where the second equality follows from the second

equation in the system (33), while the inequality follows

from the concavity of the function uðaþbWþg1

ðW�dWbÞÞ. Therefore, there exists a unique W2ðW
bÞ 2

ðdWb,W�
2Þ such that f(W2(Wb))¼0, thus establishing the

existence of a unique solution to Eq. (11). The inequality

in Eq. (12) follows from the fact that in this case, we

have

u0ðFðW1ðW
bÞ,WbÞÞðbþg1Þru0ðFðW�

1 ,WbÞÞðbþg1Þ

¼ u0ðFðW�
2 ,WbÞÞðbþg2Þ

ou0ðFðW2ðW
bÞ,WbÞÞðbþg2Þ,

where the first (in)equality follows from the fact that u0 is

decreasing and W1ðW
bÞZW�

1 , the second from the first

equation in the system (33), and the last from the fact that

u0 is decreasing and W2ðW
bÞoW�

2 .

Finally, suppose that bþg1 ¼ 0 and let W ðWbÞ ¼ 0 (as in

Eq. (9)) and W1(Wb)¼0. With f(W) defined as in Eq. (36),

we then have

f ðdWbÞ ¼ u0ðaÞg2dWb40:

Since

2ðaþg2ðW�dWbÞÞdWb

g2ðW�dWbÞ
2

-0 as W-þ1

and �Wu00ðWÞ=u0ðWÞ ¼ c for all W, there exists a W�
3 4

dWb such that

2ðaþg2ðW
�
3�dWbÞÞdWb

g2ðW
�
3�dWbÞ

2
oc

¼�
ðaþg2ðW

�
3�dWbÞÞu00ðaþg2ðW

�
3�dWbÞÞ

u0ðaþg2ðW
�
3�dWbÞÞ

,

or

u0ðaþg2ðW
�
3�dWbÞÞdWbþ

1

2
u00ðaþg2ðW

�
3�dWbÞÞg2ðW

�
3�dWbÞ

2o0:

ð37Þ

Moreover, since u00040, it follows from a second-order

Taylor expansion of the function uðaþg2ðW�dWbÞÞ

around the point Wn
3 that

uðaÞouðaþg2ðW
�
3�dWbÞÞ�u0ðaþg2ðW

�
3�dWbÞÞg2ðW

�
3�dWbÞ

þ
1

2
u00ðaþg2ðW

�
3�dWbÞÞg2

2ðW
�
3�dWbÞ

2: ð38Þ

Hence,

f ðW�
3Þ ¼ uðaÞ�uðaþg2ðW

�
3�dWbÞÞþu0ðaþg2ðW

�
3�dWbÞÞg2W�

3

ou0ðaþg2ðW
�
3�dWbÞÞg2dWb
þ
1

2
u00ðaþg2ðW

�
3�dWbÞÞg2

2ðW
�
3�dWbÞ

2

o0,

where the first inequality follows from Eq. (38), while the

second follows from Eq. (37). Therefore, f has a zero on

ðdWb,W�
3Þ, thus establishing the existence of a solution to

Eq. (11) in this case. The inequality in Eq. (12) is trivially

satisfied, since the left-hand side equals zero in this

case. &

Proof of Lemma 2. Eq. (11) shows that vð�,WbÞ is con-
tinuous at W2(Wb), while Eq. (12) shows that vð�,WbÞ is
continuously differentiable at W1(Wb) if W1ðW

bÞ40 (that
is, if W1ðW

bÞ4W ðWbÞ). It then immediately follows from
the definition of v that vð�,WbÞ is continuously differenti-
able and concave on ½W ðWbÞ,1Þ. Moreover, since
v(W1(Wb),Wb)¼u(F(W1(Wb),Wb)) and uðFð�,WbÞÞ is strictly
concave on the interval ðW1ðW

bÞ,dWb� while vð�,WbÞ is
linear, it follows that vð�,WbÞ4uðFð�,WbÞÞ on that interval.
A similar argument implies that vð�,WbÞ4uðFð�,WbÞÞ on
the interval ½dWb,W2ðW

bÞÞ. Since vð�,WbÞ ¼ uðFð�,WbÞÞ on
A(Wb), it follows that vðW ,WbÞZuðFðW ,WbÞÞ on the inter-
val ½W ðWbÞ,1Þ.

Finally, if v̂ð�,WbÞ is any other concave function with

v̂ð�,WbÞZuðFð�,WbÞÞ on the interval ½W ðWbÞ,1Þ, then

v̂ð�,WbÞZuðFð�,WbÞÞ ¼ vð�,WbÞ on AðWbÞ. Moreover,

v̂ð�,WbÞZvð�,WbÞ on ðW1ðW
bÞ,W2ðW

bÞÞ since v̂ðW1ðW
bÞ,

WbÞZvðW1ðW
bÞ,WbÞ, v̂ð�,WbÞ is concave and vð�,WbÞ is

linear on that interval. Therefore, v is the smallest concave

function v̂ð�,WbÞ with v̂ð�,WbÞZuðFð�,WbÞÞ &

Proof of Proposition 1. Standard optimization theory
implies that a policy WT is optimal in the concavified
problem (10) if and only if WT satisfies the conditions of
Proposition 1 with Eq. (14) replaced by the weaker
condition

Wm
T 2 v�1

W ðc
mpT ,Wb

T Þ if Wm
T 40:

Thus, a policy Wm
T satisfying the conditions of Proposition 1

is optimal in the concavified problem (14). The fact that Wm
T

takes values in A(Wb
T) implies uðFðWm

T ,Wb
T ÞÞ ¼ vðWm

T ,Wb
T Þ.

Since uðFð�,Wb
T ÞÞrvð�,Wb

T Þ, optimality of Wm
T in the conca-

vified problem (10) then implies optimality in the original
problem (8). This proves that the conditions in Proposition 1
are sufficient for optimality.

Necessity follows immediately by noticing that if WT is

any other feasible policy, then

E½uðFðWT ,Wb
T ÞÞ�rE½vðWT ,Wb

T Þ�

rE½vðWm
T ,Wb

T Þ�

¼ E½uðFðWm
T ,Wb

T ÞÞ�,

with the first inequality being strict if WT=2AðWb
T Þ, and the

second inequality being strict otherwise. &

Proof of Theorem 1. It can be easily verified that
gmðy,Wb,pÞ ¼ ðv�1

W ðy,WbÞÞ
þ for yavW ðW2,WbÞ. The claim

then immediately follows from Proposition 1. &

Proof of Theorem 2. The proof of Theorem 2 is straight-
forward and is thus omitted. &
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Proof of Corollary 1. Under the stated assumptions,
g1 ¼ g2 and

a�g1dWb
T r0,

so that

P1ðDT ,Wb
T Þ ¼P3ðDT ,Wb

T ÞZP4ðDT ,Wb
T Þ:

It then follows from Eq. (21), using the fact that
bþg1 ¼ bþg240, that

cmpT ¼PðDT ,Wb
T Þ ¼P1ðDT ,Wb

T Þ:

In addition, since by Lemma 2 W1¼W2 when g1 ¼ g2, it
follows from (16) and (17) that

Wm
T ¼ gmðcmpT ,Wb

T ,PT Þ

¼
P1ðDT ,Wb

T Þ
�1=c

ðbþg2Þ
1�1=c

�
a�g2dWb

T

bþg2

¼ ym
T � DT ,

where

ym
T ¼

jð1�lÞg2dy
b

Tþðbþg2Þ
1=cy� lðbþg2Þ

1=cyf
0þjð1�lÞ

a
B

� �
y

1

lðbþg2Þ
1=c
þjð1�lÞðbþg2Þ

:

It then immediately follows that the optimal trading
strategy for the fund managers is as given in Eq. (28) for
all t 2 ½0,T�. The optimal trading strategy for the active
investors follows from the market-clearing conditions.

Next, Eq. (25) implies that S1
t�S2

t Z0 if and only if

Et½P1ðDT ,Wb
T ÞðD

1
T�D2

T Þ�Z0:

Let D̂T be a two-dimensional random variable obtained

from DT by exchanging the values of D1
T and D2

T. Since D1
T

and D2
T are identically distributed conditional on the

information at time t, we have

Et½P1ðDT ,Wb
T ÞðD

1
T�D2

T Þ� ¼ Et½P1ðDT ,Wb
T ÞðD

1
T�D2

T Þ1fD1
T
4D2

T
g�

þEt½P1ðDT ,Wb
T ÞðD

1
T�D2

T Þ1fD2
T
4D1

T
g�

¼ Et½P1ðDT ,Wb
T ÞðD

1
T�D2

T Þ1fD1
T
4D2

T
g�

þEt½P1ðD̂T ,Wb
T ÞðD

2
T�D1

T Þ1fD1
T
4D2

T
g�

¼ Et ½ðP1ðDT ,Wb
T Þ

�P1ðD̂T ,Wb
T ÞÞðD

1
T�D2

T Þ1fD1
T
4D2

T
g�:

The claim regarding the equilibrium stock prices then

easily follows from the fact that, when g2a0 and D1
T 4D2

T ,

P1ðDT ,yb
T Þ4P1ðD̂T ,yb

T Þ (respectively, P1ðDT ,yb
T ÞoP1

ðD̂T ,yb
T Þ) if and only if the benchmark portfolio yb

T holds more

(respectively, less) of stock 1 than of stock 2. &

Lemma A.1. If D1
t and D2

t are log-normally distributed, then

D1
t jD

1
t =D2

t is log-normally distributed.

Proof of Lemma A.1. Let

D1
t ¼D1

0em1þs1o1
t , D2

t ¼D2
0em2þs2o2

t ,

where m1 ¼ ðm1�
1
2s

2
1Þt, m2 ¼ ðm2�

1
2s

2
2Þt, and o1

t and o2
t

are standard normal variables with correlation coefficient r.

Define

s2
1 ¼ s

2
1t, s2

2 ¼ ðs
2
1þs

2
2�2rs1s2Þt, s12 ¼ ðs2

1�rs1s2Þt,
b¼
s12

s2
2

, Z1 ¼ s1o1
t , Z2 ¼ s1o1

t�s2o2
t ,

so that

Z1

Z2

 !
�N 0,

s2
1 s12

s12 s2
2

 ! !

and

D1
t ¼D1

0em1þZ1 , D2
t ¼D2

0em2þZ1�Z2 ,
D1

t

D2
t

¼
D1

0

D2
0

em1�m2þZ2 ,

D1
t

D1
t

D2
t

¼ x

����
� �

�D1
0em1þZ1jZ2 ,

where

ðZ1jZ2 ¼ zÞ �Nðbz,s2
1�bs12Þ,

z¼ logðxÞ�log
D1

t

D2
t

� �
�ðm1�m2Þ: &
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